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Abstract
The integer Cy(n) ! *™) is called the n-th s-Catal
einteger Cs(n) = —————— is called the n-th s-Catalan
Bt s (s—=1)n+1\n
1 2n
number; when s = 2 we have Cy(n) = ¢, = , the usual
n+1\n

Catalan number. In this paper, we look at some of the p-adic analytic
properties of Cpq(n) for primes p. In particular, we show that the
ratios Cpa(pin + 1)/Cpa(n) may be p-adically interpolated using the
p-adic Gamma function. Several congruences are derived from this
representation, including a generalization of Wolstenholme’s theorem.



1 Introduction

In a recent paper [2], we showed that among the integer sequence

1 2
Cp = (n)) n ezt
n+1l\n

of Catalan numbers c,, the subsequence of odd Catalan numbers has a 2-adic
limit, and it has the property that for all &, the first £ odd Catalan numbers
are distinct modulo 2¥*1. In this paper, we consider these questions p-adically
for general primes p as they apply to sequences Cpq(n) of p?-Catalan numbers.
For any positive integer s the s-Catalan numbers C(n) are defined by

1 sn .
Os(n)—m(n>, nezr.
The first few values are Cs(0) = Cy(1) = 1, Cs(2) = s, C5(3) = s(3s — 1) /2,
and we have Cy(n) = ¢, for all n. In [5] it was shown that for primes p the
integer Cpq(n) is divisible by p in all cases except when n = (p*7—1)/(p?—1)
for some positive integer &, in which case Cpe(n) = 1 (mod p?). Here we give
stronger versions of this congruence which may be regarded as generalizations
of Wolstenholme’s theorem.

Theorem 1. Suppose s = p? is a power of a prime p and n > 1 is an integer
such that the s-Catalan number Cy(n) is not divisible by p. Then

Cs(n) =1 (mod p?*")

wherer =1 ifp=2;r=21ifp=3; and r =3 for p > 5. Furthermore, the
above statement holds with r = 4 if and only if p is a Wolstenholme prime.

Wolstenholme’s theorem [6] states that for primes p > 5 we have the
congruence (2;) = 2 (mod p?); there are many generalizations of this theorem,
including those found in [3] and [7]. A Wolstenholme prime is a prime p for
which (QP”) = 2 (mod p*), or equivalently for which p divides the numerator of
the Bernoulli number B,_3. To proceed further, let us recall some notation
and terminology.

In what follows, Z, denotes the ring of p-adic integers. We consider the
p-adic Morita gamma function I', defined for positive integers n by

D) = (-1 I]

0<j<n
p/J



(see [1], p. 368); it extends uniquely to a continuous function from Z, to Z,
and satisfies the translation functional equation

—zly(z), x€Z),

Tp(r+1) = { (1)

—I'y(z), x€pZ,

Theorem 1 will be deduced from stronger congruences of Theorem 5 be-
low. Those congruences will also be used to demonstrate the following result.

Theorem 2. Suppose that s = p? is a power of a prime p; then the sequence
of s-Catalan numbers which are not divisible by p converges p-adically to the

limit . '
p] - i\ —1
:1Fp<1—pq)HFp(p> .

=1
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2 Proofs

Theorem 1 and Theorem 2 will be deduced from the following expression of
certain ratios of s-Catalan numbers as ratios of binomial coefficients.

Proposition 3. For all positive integers s and n we have

Cy(sn+1) (SQ"H)

sn

Cs(n) ("
Proof. We have
Csn+1) _ (s—Dn+1 () 1000
Cy(n) (s=D@sn+1+1 () s ()
(= Dsn+s(h0)  (s—Dn+1(E7) ()
stsn+1) (%) (sn+1) () ()

]

From this proposition and Zhao’s congruence ([7], Theorem 3.2), we may
deduce that if s = p? is a power of a prime p > 7, we have

Cs(sn+1)

Cun) L+ piwpn(sn+1)((s — Yn+1)  (mod p°Z,),  (2)



where w, (as in [7]) denotes the unique integer in {0, 1,...,p? — 1} such that
pEy N i }C = w, (mod p*Z,). To deduce the stronger congruences we have
claimed we now express the ratios of binomial coefficients in Proposition 3
in terms of I', as follows.

Corollary 4. If s = p? is a power of a prime p, then

C sn—i—l H pq“n—i—]ﬂ)
ry(

S Do n)Lp((p? = Dpn + p7)

Proof. We use the identity

(;Z) _ I'y(pm)
(1) Tuplen)Tp(p(m —n))

n

(3)

(see [1], p. 382), to write the right side as a product of ratios of binomial
coefficients; cancellation of common terms leaves (SQSJS) /(*"+1), which equals

the left side by Proposition 3. m

Corollary 4 above shows that the sequence of ratios Cy(sn + 1)/Cs(n)
can be p-adically interpolated. We remark that since I', is unit-valued, this
corollary shows that the s-Catalan numbers Cs(sn + 1) and Cy(n) always
have the same p-adic valuation when s = p?. The Jacobstahl-Kazandzidis
congruences ([1], Cor. 11.6.22) state that the ratio of binomial coefficients in
(3) is congruent to K,(m,n) modulo p*mn(m — n)Z,, where

L~ (Byo/3)pmn(m —n), ip>5,
K,(m,n) = < 1+ 45mn(m — n), if p=3, (4)
(=1)"" =) P(m, n), if p=2;

here B,, denotes the nth Bernoulli number, and P(m,n) = 1+6mn(m—n)—
4mn(m — n)(m? — mn + n?) + 2(mn(m — n))>.

Stanica ([5], Lemma 5), showed that the p-adic valuation of the integer
Cpa(n) is equal to (S,((p? — 1)n+1) —1)/(p — 1), where S,(n) denotes the
sum of the base p digits of n. It follows that Cpe(n) is not divisible by p if
and only if (p? — 1)n+ 1 is a power of p, and therefore n = (p* —1)/(p? — 1)
for some integer k. The Jacobstahl-Kazandzidis congruences imply that the
sequence of p-adic unit-valued p?-Catalan numbers converges quite rapidly.



Theorem 5. Suppose s = p? with p prime, and let {n;}7>, be any sequence
of nonnegative integers which satisfies the recurrence ni1 = sny + 1. Then

Cs (nkJrl )

K katdyz, ).
Os(”k) p(nk-i-lv nk) (IIlOd p p)

Proof. We apply Corollary 4 with n = ny, so that sn + 1 = ng, ;. This gives

nk—i—l d p]nk+1)
H Fp pﬂnk (pJ (nkH — ’n,k)) <5>

7j=1
The recurrence for {n;}2°, implies that ngy — ng = s(ng — ng—1), which
shows that ng,1 —ny is a multiple of p*4. By (4), the jth term in the product
is congruent to K,(p 'ngi1,p’ 'ni) modulo p*MTITIZ since nyyq — ny is
divisible by p*¥. Since K,(p’ 'ng1,p" " Ing) = 1 (mod p**™7Z,) when j > 1,
the desired result follows. n

The congruences of this theorem are stronger than those of (2) except
for the k = 0 term of the sequence {ns}, so (2) gives a stronger congruence
that this theorem for values of n such that n # 1 (mod s). It is not hard to
show that any sequence of nonnegative integers which satisfies the recurrence
ng+1 = sng + 1 converges p-adically to the limit (1 — s)_l. If we take n; =
(p* —1)/(p? — 1), then the sequence {C,(ny)}22, is precisely the sequence
of p-adic unit p?-Catalan numbers.

Corollary 6. For s = p? with p prime, set n;, = (p" —1)/(p? —1). Then
Cs(npyr) = K,(p? +1,1)  (mod p*tZ,).

Proof. Apply Theorem 5 to nq,...,ng, noting that n; = 1 and ny = p? +
1. O

Corollary 6 above implies Theorem 1 by considering the various values of
p. In particular, we observe that

Ky(29+1,1) =1+ 277" (mod 2%,

K337+ 1,1) =1+5-37  (mod 3%*?),
and

B,
K,(p'+1,1)=1+— 3 =2 i3 (mod p¥*t3Z,)
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for p > 5. By the von Staudt - Clausen theorem ([1], Thm. 9.5.14), p
does not divide the denominator of B,_3, so K,(p?+1,1) =1 (mod p?™Z,)
for p > 5; and by definition K,(p? + 1,1) = 1 (mod p?*4Z,) if and only
if p is a Wolstenholme prime. We remark in passing that the only known
Wolstenholme primes are p = 16843 and p = 2124679.

By similarly evaluating Kj,(nj1,n%) modulo p***Z, we may use Theo-
rem 5 to deduce the following result, as it was done in ([2], Theorem 3) for
the case s = 2.

Corollary 7. The first k odd 22-Catalan numbers are distinct modulo 2~ Da+2
but not modulo 2F~V9+1 - the first k 39-Catalan numbers not divisible by 3
are distinct modulo 3%~ Da+3 but not modulo 3%=19+2: and if p > 5 is not a
Wolstenholme prime, then the first k p?-Catalan numbers not divisible by p
are distinct modulo p*~9% but not modulo pF—14+3.

Proof of Theorem 2. We take nj, = (p* —1)/(p? — 1) in Theorem 5, and use
equation (5) to write
t—1

q
. . ”k+1 Ly (P nir1)
lim Cy = 1 = ,
i ) ;%;H exraial8 V0 U Srm sy

- taesonApf’n»pr@ﬂ*=pr(1iq)ﬂfp<pi>‘%

Jj=1

by telescoping the above product and observing that n; — (1 — p?)~! as

t — o0.
The same argument also shows that if {n;}?°, is any sequence of non-
negative integers which satisfies the recurrence n; 1 = sng + 1, then

lem Cs(ny) <(no HF < )H (p’ng)” HF “(ny —ng)) "
7j=1

Note that n; — ng is a positive integer congruent to 1 modulo p? — 1, and
(Sp(n1 —ng) — 1)/(p — 1) is the p-adic valuation of Cy(ny) for all k. The
factor H?Zl [',(p’ne) in the above expression is an integer.

The factor []9_, T,(p’/(1 — p?)) is algebraic, but this fact is somewhat
nontrivial. One may use the translation functional equation (1) and reflection
functional equation (see [1], Prop. 11.6.12) to rewrite this product as

e (25) -0 ()

j=1 7=0




Then the Gross-Koblitz formula (see [1], Theorem 11.7.5) says that the prod-
uct of reciprocal I', values on the right equals ( —p)Y =1 divided by a Gauss
sum for the multiplicative character w‘qul, where w is the Teichmiiller char-
acter on the finite field of p? elements. Therefore, this factor is algebraic.
This implies that the limit of p-adic unit p?-Catalan numbers differs from
the limit of p-adic unit p’-Catalan numbers by an algebraic factor.

We leave the determination of the transcendence or algebraicity of the
factor [];5, T'p(p") as an open problem to the reader. We remark that in ([4],
Prop. 39.2), it is shown that

Hrp<p2> = <_1)p ! hm n_1 1)
el n— oo (—p)(p )/ (p—1)
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