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1. INTRODUCTION

Many authors have considered the problem of extending the Fibonacci sequence to
arbitrary real or complex subscripts (cf. [1], [6], and references therein). Since the positive
integers form a discrete subset of R the existence of multitudes of continuous functions
f : R — R such that f(n) = F, for positive integers n is immediate and the question then
becomes one of determining the various properties of such functions. In this paper we con-
sider the extent to which the Fibonacci and Lucas sequences can be extended to arbitrary
p-adic subscripts in a continuous way. In the process we determine several apparently new
expressions, both p-adic and real, for the Fibonacci sequence in terms of hypergeometric
functions and combinatorial sums.

For example, Dilcher ([3], eq. (3.3)) has proved that for positive integers n,

n 1—-n 2—n 3
F, = F , ;=39 ), 1.1
on—1 < 2 2 2 ) (1.1)

where F(a,b;c; z) is the Gauss hypergeometric function (see section 2). We have observed
(Theorem 2.3 below) that for p = 5 the hypergeometric function on the right in (1.1) in
fact represents a continuous function of n from Z, to Z,, where Z, denotes the ring of

p-adic integers. This means that the function f : Z5 — Zs defined by

l—z 2—2 3
fla) = 2eF (155,255 555) (12)

is b-adically continuous and satisfies f(n) = 2"F, for all integers n, i.e., it 5-adically
interpolates the sequence {2"F,}. In section 3 below we give generalizations of identity

(1.1) which yield similar p-adic expressions for any prime p.
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We say that a sequence {a, } 22, of rational numbers is p-adically interpolatable if there
exists a continuous function f : Z, — Q, such that f(n) = a, for all nonnegative integers
n. Since the set of nonnegative integers is dense in Z,, for a given sequence {a,} there
can be at most one such function, which will only exist under certain strong conditions on
{an}. Specifically, an integer sequence is p-adically interpolatable if and only if it is purely
periodic modulo pM for all positive integers M, with each period a power of p (Proposition
2.1 below). While {F,} is purely periodic modulo p for every prime p, its period modulo
p is never a power of p, which means that the Fibonacci sequence itself can never be p-
adically interpolated. However, we show in section 3 that for odd primes p, the sequence
{s"Fy,n} can be p-adically interpolated, where s is a suitable integer and r, is the rank of
apparition of p in {F},}. Our results illustrate many of the known periodicity properties of
Fibonacci numbers; as one such illustration, we show that the sequence {Ffpn} can always
be p-adically interpolated for any odd prime p.

While our primary interest in this topic has been the p-adic properties of these hy-
pergeometric identities, we also present several real identities which we believe to be new,
generalizing those in [3]. Our identities in section 3 show how the finite-sum rational-
argument identities of [3] may be classified into six infinite families, which may be obtained
without quadratic transformations. These six families are all related by linear hypergeo-
metric transformations, and four of them yield p-adically continuous representations of the
Fibonacci sequence. We also show that in fact infinitely many different rational arguments
occur in hypergeometric representations of Fibonacci numbers, answering a question posed

in [3]. All these identities are also expressed as combinatorial sums, as in [3].

2. NOTATIONS AND PRELIMINARIES

In this paper p will always denote a prime number, and Z, and @Q, the ring of p-adic
integers and the field of p-adic numbers, respectively. If x is a nonzero rational number
we can write x = pFr/s where k,r,s € Z and (r,p) = (s,p) = 1. The integer k is called

the p-adic ordinal of x and denoted k = ord,z, and the p-adic absolute value of x is then
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defined by |z|, = p~*. We define ord,0 = +co and |0], = 0. With this definition |- |, is a
(non-archimedean) metric on Q and Q, is the completion of Q with respect to this metric.
The ring Z, = {z € Q, : |z|, < 1} ={z € Q, : ord,z > 0} may be viewed as the “unit
disk” in @, or as the completion of the ring Z of integers with respect to the metric |- .

Because Z, is a compact metric space, any continuous function on Z, is uniformly
continuous. For integers z,y it is clear that |z — y|, < p~F if and only if z = y (mod p*).
Therefore we have the following proposition (cf. [5]):

Proposition 2.1 The integer sequence {a,} is p-adically interpolatable if and only if for
every M > 0 there exists N > 0 such that a,, = a, (mod p™) whenever m = n (mod p™V).

This condition is equivalent to the condition that {a,} be purely periodic modulo
pM for every M, with period equal to a power of p. As an example, for an integer a the
sequence {a"} can be p-adically interpolated only if ¢ = 1 (mod p), since this sequence is
not purely periodic modulo p if p|a, and any period modulo p is a multiple of the order
of a in the multiplicative group (Z/pZ)* otherwise; the period modulo p can be a power
of p only if the period is 1. Consequently for a € Q the sequence {a™} can be p-adically
interpolated only if @ = 1 (mod pZ,), that is, a = b/c with b = ¢ #Z 0 (mod p). This fact
is reflected in the example in the introduction (where we noted that {2"F,} is 5-adically
interpolatable but {F,} is not), and should be compared to the situation in R, where the
function f(x) = a” is defined (and continuous) for all real » only when a > 0.

For a prime number p we denote by ¢, the minimal period of {F,,} modulo p. The
rank of apparition of p in {F,}, denoted rp, is the least positive integer r such that p|F.
It is known ([9], §2) that r, always exists and is equal to the minimal restricted period of
{F,} modulo p, which is to say the least positive integer r such that Fy4, = sFj (mod p)
for some integer s and all integers k. It is also easily seen that s = F, 41 (mod p), that
p|Fy if and only if r,|m, and that ¢, = a,rp, where a, is the order of the integer s in
the multiplicative group (Z/pZ)*. The rank of apparition of p in {Ly}, denoted ry, is the

least positive integer r', if one exists, such that p|L,.. Tt is known ([9], §2) that r, exists
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if and only if r), is even, and in this case r, = 2r;. For p # 5 these invariants may be
expressed in terms of the p-adic interpolatability of the Fibonacci sequence, as follows.
Theorem 2.2. Suppose the sequence {s" Fynik } o2 is p-adically interpolatable for some
prime p, nonzero rational number s, and integersm, k. If p # 5, then rp|m and sFp,41 =1
(mod pZy).
Proof. If a, b are any integers then the sequence {Fy,, 43} is a rational linear combination
of { Frunta} and { Fry(nq1)4a ). It follows that if {s" Finpy} is p-adically interpolatable for
some integer k then it is for every k. Since lim;_,o, 14+p’ = 1 in Z,, if there is a continuous
function f : Z, — Q, such that f(n) = s" F,,n4+1 for positive integers n then we must have
limj_ o0 s+’ Fr(i4pi)+1 = $Fm+1 in Q. However if ord,s > 0 then this limit is zero, and
if ord,s < 0 then the p-adic ordinal of s+v’ Fro(14piy+1 18 unbounded below and thus the
limit does not exist in Q,,. Therefore we conclude that ord,s = 0.

Since ord,s = 0, we have s"F,, = 0 (mod pZ,) if and only if r,/(m,r,) divides n,
and thus the period of {s"Fy,, } modulo p is a multiple of r, /(m,r,). By Proposition 2.1,
if {s"Fpn}is to be p-adically interpolatable r,/(m,r,) must be a power of p. However, if
p # 5 then (p,rp) =1 ([9], §2), which demands that r,/(m,r,) = 1, so rp|m. Modulo p the
sequence {s"} has period dividing p — 1 and, if p # 5, the sequence {Fy,,+1} has period
dividing p? — 1 ([9], §2). The period modulo p of {s"Fp,p41} thus divides p? — 1, and so if
this period is a power of p then it must equal 1. Therefore sF,,,11 = 1 (mod pZ,) if p # 5.

The Gauss hypergeometric series F(a,b;c;z) is defined by

F(a,b;e;z) Z C(l(): kk" (2.1)

k=0

where the Pochhammer symbol (a); is defined by (a)o = 1 and (a); = Hf Ol(a + 1) for
E > 1 (cf. [2], [3]). In general a,b,c,z may take any real or complex (or p-adic) value,
although in all our identities they will be rational numbers. The series is undefined if

c€{0,—1,-2,-3, ...}, unless either a or b is a larger element of {0, —1,—2,—3,...}. If the

series is defined and either a or b lies in {0,—1,—2, -3, ...}, then the series represents a
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polynomial in z and is therefore defined for all (real, complex, or p-adic) z. Otherwise the
series converges for real or complex z with |z| < 1 and diverges for |z| > 1. Furthermore,
for |z| < 1 the function defined by (2.1) is analytic in a, b, and ¢ on all of R (or C) with
the exception of simple poles at ¢ =0, c = -1, ¢ = =2, ¢ = —3, etc.

By a disk S in Q, we mean a set of the form {z € Q, : | — 2|, < r} or of the form
{z € Qp : |r — zo|, < r}, for some zg € Q, and some r > 0. Any disk in Q, can be
expressed in either of these forms, is both open and closed, and is compact. A function
f 5 — Qp defined on a disk S in Q, is analytic if it can be represented by a power
series which converges on S. Clearly F(a,b;c;z) is analytic in z on any disk S on which
it converges. The following theorem indicates that for fixed ¢ and z, F(a,b;c;z) is also
continuous in a and b on any disk where it converges. (Since the set {0,—1,—-2, -3, ...}
of ¢-values for which (2.1) is (in general) undefined is dense in Z,, the series is far from
continuous in ¢ on Z,. However, in the event that for fixed a,b, z there is a disk S in Q,
disjoint from Z, for which F(a,b;c; z) is convergent for ¢ € S, then F(a,b;c¢; z) would be
continuous in ¢ on S).
Theorem 2.3. Suppose ¢ € Q with ¢ ¢ {0,—1,-2,-3,...} and a,b € Q,. Then the
series F(a,b;c;z) converges in Q, for ord,z > ¢g(c) + g(1) — g(a) — g(b) and, if a,b €
Q\ {0,—-1,-2,-3, ...}, diverges for ord,z < g(c) + g(1) — g(a) — g(b), where

[ ordyz, if o & Ly,
9(w) = { (p—1), ifz e,

Furthermore, if such b,c,z € Q, are fixed so that F(a,b;c;z) converges for a € S, where
S is a disk in Q,, then F(a,b;c; z) represents a continuous function of a on S.

Remarks. The theorem remains valid if ¢ is any element of Q, \ Z,, or if z is any element
of the completion of an algebraic closure of Q,. Furthermore if F(a,b;c;z) converges for
a € S, where S is some disk in @Q,, then that disk may be assumed to contain Z,. In all
the identities in this paper the parameters a,b, ¢ are all rational, and all lie in Z, except
for p = 2. When a,b,c € Z, the series F(a,b;c;z) therefore converges when ord,z > 0

and, for fixed z with ord,z > 0, represents a continuous function of a (and b) on Z,.
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Proof. A series ) A, in Q, converges if and only if |A,|, — 0, or equivalently, if and

only if ord, A, — +oc. Therefore F(a,b;c; z) converges if and only if

klim ordy(a)r + ordy(b)r — ordy(¢)r — ordy(k!) + & - ordyz = +o0. (2.2)
— 00
Since | - |, is non-archimedean it follows readily that ord,(z)y = k - ord,(z) when z €

Q, \ Z,. It is also well known that ord,(k!) = ord,(1)r = (k — S(k))/(p — 1), where
S(k) denotes the sum of the digits in the base p expansion of k. We also have ([4], eq.
(21.2.1)) the uniform estimates ord,(z); > ord,(k!) for any = € Z,, and ord,(z); <
ord, (k!) + log,(d) + log,(k + |z|) for a rational number = € Z, \ {0,—1,-2,~3,...} with
denominator d, where log, is the (real) base p logarithm and |- | is the real absolute value.
Noting that S(k)/(p — 1) < log,(k + 1) for all positive integers k, we see that for = € Q,
we have ord,(z); > k - g(z) — log,(k + 1), and for z € Q\ {0,~1,-2,-3,...} we have

ord,(z)r < k- g(z)+ O(log, k). The statement on convergence then follows from (2.2).

By considering the various cases (whether b and/or ¢ lies in Z,, or not) and using (2.2),
one observes that for fixed b, ¢, z the series converges precisely on a set SU{0,—1,—-2, -3, ...}
where S is a disk in Q, of the form {a € Q, : ord,a > C'} for some constant C', and that
the convergence is uniform in a on this set. Each term in the series (2.1) is a polynomial
in a, and is therefore continuous in a. As a uniformly convergent sum on S of continuous

functions in @ on S, F(a,b;c; z) is therefore a continuous function of a on S.

3. FINITE SUM IDENTITIES

In this section we give some identities for Fibonacci and Lucas numbers in terms of
F(a,b;c; z) with either a or bin {0, —1, -2, —3, ... }. Since the series represents a polynomial
in this case, these are identities in Q and are thus valid independent of the metric (real or
p-adic) on Q. For each identity, however, we will indicate conditions under which the given
hypergeometric function interpolates the given sequence of values in @, and in R. Our

treatment is similar to section 4 of [3]. We begin with the following fundamental identity.
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Theorem 3.1. For all integers m,n with n > 0, we have

L.\""' (1-n 2-n 3 5F2
an: Fm o F 3 i e = 5 1
a(3) (R o
Lo\""' (-n 1—n 1 5F2
Lyn=Lpn | — Fl—, L 2
(5) ~G5 ) +
as identities in Q. Therefore the functions fu,lm : Z, — Z, defined by
2F, l—x 2—2 3 5F2
fm(z) = I :1:F< 5 g iy L?n>7 and

—x 1l—2 1 5F2
lm@:”(? 5 o L2>

are continuous on Z, and satisty fm(n) = (2/Ly)"Fny and Iyp(n) = (2/Ly,)" Ly, for

positive integers n when p = 5; or when p is odd and p|Fy,; or when p = 2 and 4|F,,.
Proof. We substitute z = \/gFm/Lm into the identity
1 3 1 _
F — 522 :7{1 =20 _(1- 1_2“} 3.3

([3], eq. (3.2)) with a = (1 — n)/2, and into

F <a,%—|—a;%;z2> = % {(1+z)_2a—l—(1 —z)_Q‘l} (3.4)
([3], eq. (10.15)) with @ = —n /2, and compare these results with the Binet forms F,, =
(a™ — ™) /\/5 and Lyn = a™" + ™" where {a™, 3™} = {(Lm + Fn\/5)/2}. These
identities are valid because the series terminate, and give the identities of the Theorem.
When p > 2 the parameters a, b, ¢ all lie in Z, and therefore by Theorem 2.3 the series
represent continuous functions of n on Z, when ord,(5F%/L2,) > 0, which is precisely
when p = 5 or when p|F,,. If p = 2 then in both identities ordyc = —1, one of «a, b lies in
Z and the other has 2-adic ordinal equal to —1; thus by Theorem 2.3 the series represent
continuous functions of n on Zy when ords(5F2 /L2,) > 0, which is precisely when 4|F,,.

Remarks. Dilcher’s identities (1.1) and ([3], eq. (10.16)) may be obtained by taking

m = 1 in this theorem, and ([3], eq. (4.23)) is obtained by taking m = 2. In R we have
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|5F2 /L% | < 1 precisely when m is even, so the functions f,,(z) and [,,(z) also define
analytic functions on all of R (or C) for even m. Taking m = 1 in the theorem shows that
{2"F,} and {2"L,} are 5-adically interpolatable. Therefore the fourth powers {16" F}
and {16™L}} are also 5-adically interpolatable, and since 16 = 1 (mod 5), the sequence
{167"} is 5-adically interpolatable. It follows that both {F2*} and {L%} are 5-adically
interpolatable.

Since Ly, = Fp—1 + Fita, if an integer ¢ divides F,, then L,, = 2F,,4; (mod
q). Soif m =t, for an odd prime p then L,,/2 = 1 (mod pZ,) and {(L,,/2)"} is p-
adically interpolatable, which implies that {F} .} and {Ly,, } are p-adically interpolatable.
Similarly with ¢ = 4 and m = 6 we find that {Fs,} and {Lg, } are 2-adically interpolatable.
If m = rp, for an odd prime p then since L,,, = 2F};,41 (mod p), Ly, /2 reduces modulo p to
s = Fy41, which is an element of (Z/pZ)* of multiplicative order a, = t,/r,. It follows
that the sequences {s"F;. ,} and {s"L, »} can be p-adically interpolated for any integer s
such that sF,. 11 =1 (mod p), and that {Fyhn} and {Ly7,} can be p-adically interpolated.
We remark that Somer has shown ([9], Theorem 13) that a, € {1,2,4} for every prime p.
This means that {F, »} and {L, »} are (at worst) fourth roots of continuous functions of
n on Z, for odd primes p.

The identities of this theorem may be put in combinatorial form, giving

n—1 [(n=1)/2] K
Lo \""" n 5F2
Fon = <7> S <2k+ 1) <—LG ) , (3.5)

k=0

n—t1 [n/2] N
Lo \""" n\ (5F%
=t ()02 () (2) 4

k=0

These may be found in ([7], eq. (15)), and may be used to show that our functions f,, and
I are in fact analytic functions on Z,, as follows.
Corollary 3.2. The functions fp, (), l;m(2) of Theorem 3.1 are analytic functions of x on

Zy when they are continuous.



Proof. A theorem of Mahler ([8], Theorem 51.1) states that any continuous function
f:Zy,— Q, can be expressed uniquely in the form

fla) = kzzo ar (Z) (3.7)
for some aj € Q, (called the Mahler coefficients of f) such that a — 0 in Q,, and f is
analytic if and only if a /k! — 0 in Q, ([8], Theorem 54.4). The combinatorial forms (3.5),

(3.6) show that

fml2) = go % (5;j>k <2k: 1)’ (38)
Im(z) = 22 <%>k (2:;) (3.9)

from which we observe that their Mahler coefficients ay satisfy ord,(ar/k!) — +o00 when
ord,(5F2 /L2%) > 0.

We obtain our next set of identities by transforming (3.1) by the linear transformation

F(a,bje;z) =(1—2)""F (a,c — b %) (3.10)
5

([3], eq. (4.1)) with n odd, which gives

i 3 5F3¢

and transforming (3.2) with n even by the same formula, giving

1 5F2
Lomn =2(-1)""F | —n,n; =) ———— ] . 12
Similarly, applying
F(a,bje;2) = (1 —2)"°F <b,c—a;c; %) (3.13)
Z —

([3], eq. (4.2)) to (3.1) with n even gives

3 5F?
_ __1ym(n—1) _ L2 m
Fymn = nFaym(—1) F (1 n,n+ 1; X 74(_1)711—1—1) , (3.14)
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and substituting (3.13) into (3.2) with n odd gives

. L 5F2

These are valid identites in Q for any integers m,n with n > 0. When m =1 (3.11) and
(3.14) become identities (4.4) and (4.5) of [3], although the factor of (—1)™ in ([3], eq. (4.5))
should be (—1)"~'; when m = 2 they become (4.39) and (4.40) of [3]. Since the argument
always has absolute value larger than 1 these hypergeometric functions are not analytic
functions of n on R or C. However, by Theorem 2.3 these hypergeometric functions are
continuous in n on Z, when p|F,, or when p = 5. It follows that {(—1)"F5,}, {(=1)"L2n},
{(=1)"Fanq1}, and {(=1)"Lany1} are 5-adically interpolatable, and that {(—1)"Fyy n},
{(=1)"Lar,n}, {(=1)"Font1yr, > and {(=1)"L(2p41)r,} are p-adically interpolatable for

any prime p. The corresponding combinatorial forms are

_ mn X (7 E) (D)™5F)*
Flanstym = (20 + 1)Fn (~1) g( e, (3.16)
+k k
Fomn = Fam(—1)m("= Dy (n _1)m5E? 1
k=0
mn " n/n+k-1 9\ k
Lomn = (—1 P =z —1)™5F : 1
sn = (~1) (+;k(2k_1)<< >5m)) (3.18)
jmn ~ (n+k
Liznttym = (— Lmz< ) —1)m5F2)" (3.19)

By applying the linear transformation

L(e)T(b—a)(—z)"" 1
F(a,b;c;z) = (T — a)(=2) F(a,l—c—l—a;l—b—l—a;—)
z

L'®)I(e—a)
» (3.20)
+ P(C)FI;(;‘F_(CZ’)S;) F <b,1 —c4bl—a+b é)

([3], eq. (4.9)) to (3.1) and evaluating the gamma factors as in [3], we get the pair of

5F2\" 11 IL?
F(2n+1)m:Fm< 1 ) F(—n,—n—§;§;5F2>, (3.21)

m

formulas
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5F2\"1 1 3 L2
By = nFy,, m Fll-n,-—n2 Zm ), 29
’ n2<4> ( "5 n25Fé> (3.22)

By applying this same transformation to (3.2) we get the pair

5F2\" 1 3 L2
Lipttym = (2n + 1)L, ( 2 ) F <—n, 5 M5 g ) , (3.23)
5F2\" 1 1 L2
Lopmn =2 ) Fl—n,=—n - —= . 3.24
2 ( 4 ) ( Ty Ty 5F%> (3.24)

These are valid identites in Q for any integers m,n with n > 0. When m = 1 one
obtains identities (4.10) and (4.11) of [3] from (3.21), (3.22); when m = 2 we get (4.35)
and (4.36) of [3]. The hypergeometric functions are analytic in n on R or C when m is
odd, and continuous in n on Z, when p is odd and p|L,,, or when p = 2 and 4|L,,. From
the identity L%, —5F?2 = 4(—1)™ we see that if p is odd and p|L, then 5FZ /4 = (—1)™*!
(mod pZ,), which shows that {(—1)(r;+1)"F(2n+1)rlp} and {(—1)(T;+1)"L(2n+1)r;} are p-
adically interpolatable for those odd primes p for which r/ exists. Similarly we see that

P

{Fsn+3} and {Lgn+3} are 2-adically interpolatable. The combinatorial forms are

5F2\" < /2n 41\ / L2 \*©
F =Fu(=m) Y m ) 3.95
(2rtt)m < 4 ) k:0< 2k ><5F%> (8.25)

Fom (5F2\""" 2/ o 2 \*
Fyppn = 21 [ 22m : m 3.26
? 2 ( 4 ) 2. 2%k +1) \ 5F2 (3:26)

k=0 m
5F2\" I~ /on+1\ / L2 \*
L =L, (=" - m o) 3.27

SE2N\" 20\ [ L2 \"
() EQ)E) e

Our next set of identities is obtained by applying the transformation formula

F(a,b;c;2) :(1_2)_(1%}7 <a,c—b;a—b—|—1; 1iz>

T'®)I(e—a) (3.20)
—p L(e)T(a —b) . 1 '
+(1-2) WF<b’C_a’b_a+l’l—z>



([3], eq. (4.16)) to (3.1), which gives

Fanttym = Fp(—1)(m+Onp (—n,n+1;§; 4(_1)m>, (3.30)
Fomn = nFyp(—1)mDe+p (] +1 3 Lo (3.31)
2mn — NL'2m n,n ’2’4(_1)m . .

By applying this same transformation to (3.2), we get

3 I
Lint1ym = Lm(—l)(m+1)n(2n +1)F (—n,n + 1; 2’ 4(_1)m> , (3.32)
1 L?
2 ( ) n,n; 27 4(_1)m ( )

These are valid identites in QQ for any integers m,n with n > 0. When m = 1 one obtains
identities (4.17) and (4.18) of [3]; when m = 2 we get (4.33) and (4.34) of [3]. The
hypergeometric functions are analytic in n on R or C only when m = 1, and continuous in

n on Z, whenever p|Ly,. The combinatorial forms are

m n - TL—|—Z€ m— y k
Fiont1ym = Fau(=1)" Z( o )((—1) L) (3.34)
k=0
- k
Fomn = Fyu Ly (—1)(m D (n41) Z <2nk—|—_|— 1) 1)’”_1Lfn)k, (3.35)
~ (n R\ (=)L)
L = (=)™ m2n 4+ 1)L, Y (" .
nt1ym = (—1) (2n +1) 2\ o hr1 (3.36)
mt1)n " n/n+k-—1 e k
k=1
For sake of completeness we give the identities
. 1—n 2—n 4(-1)m
Frn = Fm(Lm) 'F < 9 ' 9 i1 —mn; 12 ) (TL > 1)7 (338)
—n 1-— 4(-1m
Lo =L F (7” 2”;1—n; (L2) ) (n > 2), (3.39)
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which are obtained by applying the transformation

F(a,bja+b+m;z) = ?E?—)I—Pﬁj);’—(z i Z; F(a,b;1 —m;1 —=z) (3.40)

([3], eq. (4.6)) to (3.1) and (3.2) respectively. By applying this same transformation to
(3.21)-(3.24) we get

Frang1) = F.(5F2)"F (—n, —% —n; —2n; %) , (3.41)
Lon(2nt1) = Ly(5F2)"F <—n, % —n; —2n; %) , (3.42)
Fypn = W}W <1 —n, % —n;1 —2n; %) ) (3.43)
Lomn = (5F2)"F <—n, % —n; 1 —2n; %) (n >1). (3.44)

These are valid in Q for any integers m,n with n > 0, except as noted above. When m =1
(3.38), (3.41), and (3.43) become (4.8), (4.14), and (4.15) of [3]; when m = 2 (3.38) becomes
(4.27) of [3]. The hypergeometric functions here are in general not continuous in n on Z,,
as the denominator parameters ¢ are not constant and the arguments z = 4(—1)™ /L2, and
z = 4(—1)™*! /5F?2 never satisfy the conditions of Theorem 2.2 even if ¢ were constant.
4. INFINITE SERIES IDENTITIES

In this section we illustrate a few infinite series identities which may be obtained from

hypergeometric transformations of identities from the previous section. The primary tool

will be Euler’s identity
F(a,bje;2) = (1 —2)""PF(c —a,c — b c; 2) (4.1)

([3], eq. (4.3)), which is a formal power series identity whenever ¢ is not a nonpositive
integer. Under this condition (4.1) is valid (in R or Q, ) whenever both sides are convergent.
When this identity is applied to (3.1) and (3.2), we obtain

ol 2\ _/n4+2 n+1 3 5F2
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n+1 2
Im 9 27912 )°

(4.3)

which are precisely (3.1), (3.2) with n replaced by —n, since F_, = (—=1)""'F, and

L_, =(—1)"Ly. For n > 0 these are valid in R when m is even; when m = 2 one obtains

3], eq. (4.25)). Furthermore they are valid in Z, when p = 5, when p is odd and p|F,,,
P

or when p = 2 and 4|F,. The corresponding combinatorial forms are

. 2 \"T' & /n+ 2K\ /5F2\"
P = E () 200 (7))

k=0

. 2 \"T' X [+ 2k — 1\ /5F2\"
e = (22) 2 () ()

k=0

We remark that when m is even these two series of rational numbers

i n+2k\ (5F2\" i n+2k—1\ /5F2\"
2%k +1)\ 12, ) ° 2k Iz,

(4.4)

(4.5)

(4.6)

have the interesting property that they converge both in R, and in Z, for all primes

p dividing 5F},, to the same rational numbers, namely (—1)™"(2/L,)" " Fyppn/Fyn and

(=)™ (2/ L))" Lonn / L.

Applying (4.1) to the finite-sum identities (3.21)-(3.24) likewise results in those same

identities with n replaced by —n; the resulting infinite series are valid in R when m is odd,

and valid in Z, when p is odd and p|L,, or when p = 2 and 4|L,,. When m =1 the series

resulting from transforming (3.21), (3.22) by (4.1) are precisely identities (4.12), (4.13) of

[3]. The combinatorial forms can in fact be obtained by replacing n by —n in (3.25)-(3.28),

and read
Faontiym = (-1)"*'Fp, (5;3)"“ | ki;o <2n2+k%> <5L1*§?%>k
=2 ()5 (00 ()
Lonttym = (1) 'L, <5Jiﬁl>n+l | g@ <2n2;2fl+ 1) <%>k
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4\" X /2n+2k—1\ [ L% \*
Lzmn:2<5F2> Z( o )<5F2> . (4.10)
m k=0 m

Again these series have the property that when m is odd they converge in R, and in Z,
for all primes p dividing L,,, to the same rational numbers.
When (4.1) is applied to (3.11), (3.12), (3.14), and (3.15), however, the results are not

just the same identities with n replaced by —n. For example, (4.1) transforms (3.11) and

(3.14) into
F2m 3 13 5F2
E =@+ 1)—=(= F S S e T T 4.11
(2n+1)m = (2n + \/7 ( 2, 505 4(_1)m+1>7 ( )
11 3 5F?
Fomn = 2nFm(=1)""/(=1)"F R (s il I8 4.12
2 nFp(—1) (1) (n—l—2 5 "My 4(_1)m+1> ( )

While these series do not converge in R or C, they are valid in Z, for an appropriate choice
of W when p|F,, or when p = 5. We remark that if k is an integer then vk € Ly
if and only if ord,k is even and k = p**k’ with the Legendre symbol (k'|p) = 1. However
it is easy to see from the identity L2, — 5F2 = 4(—1)™ that ((—1)™|p) = 1 when p|F,, or
p =15, and thus \/(—1)™ € Z,.

Similarly, applying (4.1) to (3.30), (3.31) gives

2 1 1 1 L?
F = (=1 (m+1)"—F e m 4.13
(2n+1)m ( ) (_1)m+15 n + 27 2 n; 27 4(_1)712 9 ( )
2nL,, 11 : L?
Fapn = (-1 — 22 p (g d e ey
(—1)™ 15 2’2 2 4(—1)m

which are valid in R only when m = 1, and are found in ([3], eq. (4.19), (4.20)). These are
also valid in Z, when p is odd and p|L,,, which is precisely the condition for y/(—1)™*15 €
Lip.

We conclude this section with an example involving the quadratic transformation

a a+1 4z
Fla,bja—b+ 1;2) = (1 “F -b+1;, ——— 4.15
(G, ya + ?Z) ( —I_Z) (2 2 1 @ + (1—|—Z)2> ( )
([3], eq. (4.21)). Applied to (3.21), this gives
2Lom (Lom\" . [—2n—1 1—2n 1 5E
Fiontiym = F ) P = ). 4.16
(2ntD) 5 ( 2 ) ( 4 4 212, (4.16)
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This identity is valid in R for all positive integers m, n, and valid in Z, when p is odd
and p|L,, or when p = 2 and 4|L,,. Again the square root factor lies in Z, under these
conditions. For m = 1 it appears as equation (4.22) of [3]. However, if one applies (4.15)

to (3.22) one merely obtains the even m case of (3.1). If (4.16) is transformed by (4.1), we

S [/ 2\" . [2n+3 2n+1 1 5F2
F, = F D= o 4.1
(2n+1)m 5L <L2m> < 4 > 4 DY L%m > ) ( 7)

obtain

valid in R for any positive integers m, n, and valid in Z, when p is odd and p|L,, or when
p = 2 and 4|L,,. When m = 1 this is identity (4.24) of [3]. We caution that while the
hypergeometric series in (4.16) and (4.17) converge in Zs, the identities (4.16), (4.17) are
not valid in Z5, because they arise from a transformation of (3.21), which is not convergent
in Zs. To see that these identities are not valid in Zs, observe that the square root factors
do not lie in Zs, while all other factors lie in Zs. The hypergeometric series in (4.16),
(4.17) thus have the curious property of converging in R, and in Z, whenever p is odd and
p|Ly or when p = 2 and 4|L,,, to the same irrational sums. We have not determined the
sums of these hypergeometric series in Zs.
5. CONCLUDING REMARKS

These identities may all be generalized to general Lucas sequences {U, }, {V,,} of the
first and second kinds defined by U,, = PU,—1 — QUy—2, V,, = PV,,_1 — QV,_2, Uy = 0,
Uy =1, Vg =2, V4 = P. Just substitute z = \/EUm/Vm into (3.3) and (3.4), where
D = P? — 4Q is the discriminant of the characteristic polynomial 1 — PT + QT? of the
recurrence. Most of the properties remain unchanged; however, the sequences are not
purely periodic modulo p if p|@ and it is no longer true that a, € {1,2,4} in general.

We have shown that if z = 5F?2 /L% then there is a representation of a subsequence

of the Fibonacci and Lucas sequences in terms of Gauss hypergeometric functions with

1 _1 1

argument 2,1 — z, 7, and —=. Is this a complete list of possible rational

1 z
z?1—2? z—1

arguments? Each of the twelve rational arguments listed in Table 1 of [3] occurs as the

m = 1 or m = 2 case of one of these. Although quadratic transformations such as
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(4.15) may lead to new identities such as (4.16), we do not know whether a quadratic
transformation can lead to a representation with a different rational argument than listed
here; in particular none of the quardatic transformations employed in [3] yields a new
rational argument.

From our collection of identities we learn that their p-adic continuity properties exert
strong influence over which arguments can occur. For example, if one had an identity of

the form

Frntt = Cm - Po(n)sh F(a(n),b(n); ¢; zm) (5.1)

where P, (n),a(n),b(n) are polynomials in Z[n]| and Cy,, Sm, ¢, 2m are rational numbers,
then every prime dividing the numerator of z, must also divide 5F,,. (By Theorem 2.3
if ordyzy, > 0 then F(a(n),b(n); ¢; 2, ) would be p-adically continuous as a function of n
and therefore the sequence s " Fp, 4+ would be p-adically interpolatable. By Theorem 2.2
if p # 5 then r,|m and thus p|F,,). All the identities of section 3 are of this form with
the exception that a(n),b(n) are in general polynomials in Z[1][n]. The above argument
remains valid except for p = 2, that is, every odd prime dividing the numerator of z,, in
such an identity must also divide 5F,,. So the set of possible rational arguments is clearly

quite limited by these p-adic considerations.
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