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Abstract

We first prove an analogue of Kummer’s congruences for expressions involving the degenerate Bernoulli polyno-
mials which were introduced by L. Carlitz, by relating them to the general theory of “degenerate number sequences”
developed in a recent article. These congruences extend, for example, known congruences for the Genocchi numbers.
We also give versions of Kummer’s congruences modulo powers of a general positive integer n for Bernoulli poly-
nomials with n-adic integer argument, and similar congruences for generalized Bernoulli polynomials, which extend

recent results of Z.-W. Sun and of the author.
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1. Introduction

The Bernoulli polynomials By, (z) may be defined by the generating function

(etil)‘f“:g%(m)% (1.1)

and their values at z = 0 are called the Bernoulli numbers and denoted B,,. These polynomials

arise in formulas for sums of powers of consecutive integers; specifically we have

1

N
;am = g1 Bt (N 41) = B (1.2)

for any nonnegative integers m and N. For an odd prime p a general version (cf. [19]) of Kummer’s

congruences states that if m = m' (mod (p — 1)p*) and p — 1 does not divide m + 1 then

Bm—l—l Bm’+1 A
= dp?Z 1.3
m+1 m'+ 1 (mo P p) ( )

where A = min{m,m',a+ 1}. In [4] Carlitz defined the degenerate Bernoulli polynomials ., (X, x)

for A # 0 by means of the generating function

(m) 1+ =3 o) (1.4)



where Ay = 1. Since (14 M)#* — e’ as A — 0 it is evident that 3,,(0,2) = By, (z). The degenerate

Bernoulli polynomials are related to sums of generalized falling factorials (a|)),, by

N
S (@ = G Bt AN 1) = s (0,01 (1.5
(cf. ([4], eq. (5.4))). Adelberg [1] interpreted these polynomials as divided differences of binomial
coefficients, and Howard [13] gave explicit formulas and recurrences for them. In [23] we developed
a general notion of “degenerate number sequences” and used a p-adic integral representation for
such sequences to deduce congruences for them similar to Kummer’s. In the first part of this paper
we apply these techniques to deduce analogues of Kummer’s congruences (1.3) for the polynomials
Bm (X, z). While the congruences (1.3) are trivial for even m (since Bygyy = 0 for all &£ > 0), our
generalization (Theorem 3.1 below) provides a nontrivial extension of (1.3) for any m, even or odd.
The second part of this paper is devoted to stronger versions of Kummer’s congruences which

connect the Bernoulli polynomials to values of p-adic L-functions at negative integers. When the

Riemann zeta function defined for ®(s) > 1 by ((s) = Y., , n™* is meromorphically continued to

the complex plane we have (1 — m) = —B,,/m for every positive integer m. The strong form
k m—1 Bm _ k(a+1)
AFs(1—p )? =0 (modp Z,) (1.6)

of the Kummer congruences [2],[3], where A, is the forward difference operator with increment
c=0 (mod (p—1)p?) and A¥ is the k-th compositional iterate of this operator, was interpreted by
Kubota and Leopoldt [14] to imply the existence of p-adic analytic analogues of Riemann (- and
Dirichlet L-functions. The congruences (1.6) were recently generalized to the Bernoulli polynomials
By, (z) with p-adic integer argument z by Eie and Ong [8]; then Fox [10] derived similar congruences
for generalized Bernoulli polynomials from his construction of a two-variable p-adic L-function. In
[21], [22] we extended the congruences of [8] and [10] by means of p-adic integral representations
of those L-functions. Z.-W. Sun [18] recently gave n-adic congruences modulo powers of a general
integer n > 1 which contain special cases of the congruences of Eie and Ong for odd n and of the
Fox congruences for Dirichlet characters whose conductor is relatively prime to n. In section 4 we
show how these hypotheses may be removed and the congruences significantly strengthened. We

also give binomial coefficient operator versions of all these congruences.
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2. Preliminaries

Throughout this paper n will denote an integer greater than 1 and p will denote a prime
number. If @, b are nonzero integers then there exists a unique integer k such that a/b = n*(a’/b")
with (a',;b') = (n,b') = 1 and & not divisible by n. The integer £ is called the n-adic ordinal of
the rational number a/b and denoted k& = ord,(a/b), and the n-adic absolute value of a/b is then
defined by |a/b|, = n~*, with |0, = 0 by definition. The function |- |, is a non-archimedean
pseudo-valuation on Z or on Q, and is a valuation on Z or on Q if n is prime. The completion of
Z (resp. Q) with respect to | - |, is called the ring of n-adic integers (resp. n-adic numbers) and
denoted Z,, (resp. Q). For z € Q,, we have z € Z, if and only if ord,z > 0. If A is a ring with
identity, A* will denote its multiplicative group of units.

Writing n = p{'---p? as a product of powers of distinct primes py, ..., p,, we define s(n) =
p1 - pr, the largest squarefree divisor of n. For any n we define the subring Z,) = {a/b:abe
Z,(b,n) = 1} of Q. We have Z,) = Z, N Q for any n; furthermore Z,) = Z, if and only if
s(n) = s(n'), and Z,, = Z, if and only if s(n) = s(n'). All of the congruences in this paper will be
stated in terms of either Z,) or its n-adic completion Z,. If A, denotes either Z, or Z,, then a
congruence z = y (mod n*A,) is equivalent to ord,(z — y) > k. One advantage of the rings Z,)
over Zy, is that they may be considered subrings of Q and we have for example Z,) = (] Z(,). If n
is not a prime power then Z,, has zero divisors and thus is not a subring of any field. pAlg excellent
reference for properties of n-adic numbers is [15].

If ¢ is a nonnegative integer, the difference operator A, operates on the sequence {a,,} by
Aol = Qpge — Q. (2.1)

The powers A¥ of A, are defined by A% = identity and A¥ = A, o A¥=! for positive integers &, so

that
k

Mon =3 (5) 0 s (22)

for all nonnegative integers k. To define binomial coefficient operators (113) associated to an operator

D (cf. [12]), we write the binomial coefficient

X XX-1)---(X—-k+1
(ERCSURCEED (23)




for £ > 0 as a polynomial in X, and replace X by D; therefore

(lk)) N %gs(k’jwj (2.4)

for any operator D, where s(j, k) denotes the Stirling number of the first kind. In this paper we
shall always use the index m to denote the index on which an operator operates. The generalized

falling factorial (z|A),, with increment X is defined by

m—1

(2] X)m = H (z —iX) (2.5)

for positive integers m, with the convention (z|\)g = 1.

If p is a prime number we define the quantity g, by

p, if p> 2,
Gp = { (2.6)

4, ifp=2,
so that ¢(gq,) = p— 1 if p is odd and ¢(g,) = 2 if p = 2, where ¢ denotes Euler’s totient. The

Mobius function p(k) is defined for positive integers &k by

1, if k=1,
(k) = ¢ (=1)", if kis the product of r distinct primes, (2.7)
0, if k is divisible by the square of a prime.

Let A, denote either Z,) or Z,. For any divisor d of n we define a function z — [z]4 on A,
by requiring that [z]; is the unique element of A,, satisfying d[z]; — 2z € {0,1,2,...,d—1}. If nis a
prime and d = n then the map z — [z], is Dwork’s shift map (cf. [21]). The following lemma will
be needed in section 4.
Lemma 2.1. If ed divides n then [[z].]q = [2]cq-

Proof. Define r4(z) = d[z]; — 2 € {0,1,...,d—1}. Then

o1, = | d

c

T+ r.(z)+ery (%) (2.8)

- cd k

so that

cd[[z]d], — @ = ro(z) + cra (Lz(fﬂ)) . (2.9)
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Since

ro(2) + erg (%r(x)) €4{0,1,..,cd—1} (2.10)

it follows from the uniqueness of r.4(z) that
re(z) 4 crq (ch(m)) = r.q(z) (2.11)
c

and therefore [[z]c]q = [#]cq-
3. Degenerate versions of Kummer congruences
For any element A(T') of the formal power series ring Z,[[T — 1]] we defined [23] the degenerate

number sequence o, () arising from h by the generating function

AL+ A" =) am(N)= (3.1)

where Ay = 1. The a,, (A) are actually polynomials in A and may therefore be defined for A = 0 as

well, where they satisfy
hie) =) am(0)—. (3.2)

We showed ([23], Theorem 1.1) that for any such A there is a p-adic measure v on Z, such that
on) = [ @\ dis(a) (33
for all A € Z, and all m > 0. From this integral representation we deduced ([23], Theorem 1.2)
that a,,(A) € Z, for all A and all m; that a,,(A) € m!Z, for all A € Z and all m; and that
if \ € pZ, and m = m' (mod ¢(g,)p*) with a > 0 then a,(A) = au(\) (mod pAZ,) where
A = min{m, m’,a + 1}. We now use these results to deduce congruences for expressions involving
the degenerate Bernoulli polynomials.
Theorem 3.1. Let A, denote either Z, or Zy. If ¢ € Af and A,z € A, then for all positive

integers m we have

- mA,, if A€ pA,,
Bm(cA z) — "B (X z) € {m!%fp, if )\ e A;jp.

Furthermore if c € A, A € pA,, and m = m' (mod ¢(q,)p*) then for x € A, we have

ﬁm+1(CA7 $) - Cm+1ﬁm+1(/\7 JU) ﬁm'+1(0/\7 33) - le+1ﬁm’+1(/\7 »’U)

dp*A
m+1 m'+1 (mo P p)




where A = min{m,m’,a + 1}.
Proof. Let A, = Z, and let b be a positive integer with (b,p) = 1, and consider the formal power
series

bTbx T

WT) = 35—~ 77

(3.4)

In ([21], Theorem 3.2) we showed that h(7T) € Z,[[T — 1]] for any ¢ € Z,. If we then write
(14 A)H) = S0 am(A)t™/m! then {a,,(A)}5o_, is the degenerate number sequence arising
from h. Comparison with (1.4) shows that

ehz)—c™HB, (A 2)
m+1

am(N) = pr+1 B (3.5)

where bc = 1. By ([23], Theorem 1.1) we have a,, () € Z, for all m. By ([23], Theorem 1.2) we
have v, (A) € m!Z, when X € ZX and ap(A) = api(A) (mod pAZ,) when X € pZ, and m = m’
(mod ¢(g,)p*). Since b™+1 is a p-adic unit and p”*! = p™'+1 (mod p**') when m = m' (mod
#(q,)p*), the assertions of the theorem follow for ¢ = b~! with (b, p) = 1. Since the set of positive
integers b with (b, p) = 1 is dense in Z, the result follows for general ¢ € Z by p-adic continuity.
Since the (3,, are polynomials in A, z with rational coefficients and Z,) = Z, N Q the theorem
remains valid for A, = Z,).

Remarks. When A = 2z = 0 and ¢ = 2 the expression (,,(cA,z) — ¢™ B, (X, z) in the theorem
reduces to (1 — 2™)B,, = GG,,,/2, where the integers G, are the Genocchi numbers, which have
several combinatorial interpretations in terms of certain surjective maps on finite sets (cf. [5], [6],

[7]). The system of congruences of the theorem implies

Gl G g1
- _:1 = _:1 (mod p* A,) (3.6)

when pis odd and m = m' (mod (p—1)p®), where A = min{m, m’,a+ 1}, and the theorem may be
viewed as a generalization of this result on Genocchi numbers. (Stronger versions of (3.6) involving
the A* operator and binomial coefficient operators may be obtained by applying Theorems 1.1 and
1.2 of [20] to the power series h(T') in (3.4); see ([20], eqs. (4.5), (4.7)) and also [11].) When p — 1
does not divide m + 1 one may choose a positive integer ¢ such that ¢™*! # 1 (mod p); then the
congruences (1.3) are obtained by taking A = z = 0 in the theorem, dividing by 1 — ¢™*! and

noting that 1 — ¢™*t! =1 — ¢™*1 (mod p**') when m = m' (mod (p — 1)p®).
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When ¢ is an integer greater than 1 and # = 0 the expression f,,(cA, z) — ¢™ 3., (A, z) of the
theorem also appears in Howard’s recurrence formula

1

cBn(eN) = ) = 3 (1) 500 A (37)

i
([13], Theorem 4.1) for the degenerate Bernoulli numbers 3,, (A) = 3(A, 0). It follows from Theorem

3.1 that for integers ¢ > 1 with (¢, p) = 1 we have

m—1 c—1 .
m ) mA,, if A€epA,,
kz: Ck(k>ﬁk(/\) Z;(ﬂCA)m—k € {m!ffp, ifAe A;p (3.8)
=0 =

for any positive integer m.
Setting A = 1 gives another application of the first congruence, since it may be seen from (1.4)

that 8, (1,2) = (2|1)s. In this case the first congruence reads
Bm(c,z) — ™ (z]1),, € m!A, (3.9)

for any ¢ € A and any € A,. However (z|1),, = m!(;i) € m!A, for any z € A,, so it follows
that B,,(c,z) € m!A, for any c € A and any z € A,.
4. n-adic versions of Kummer congruences

In this section we give strong versions of Kummer’s congruences for the Bernoulli polynomials
modulo powers of a general integer n > 1. We define ¢*(n) = lL.e.m.{¢(q,),p* " : p*|n,a > 0} and
observe that ¢*(2) = 2; that ¢*(n) = ¢(n) if n is any prime power other than 2; and that ¢*(n)
divides ¢(n) for all n > 2.
Theorem 4.1. Let n > 1 be an integer and let A, denote either Z, or Z,. Let m be a positive

integer such that ¢(q,) does not divide m for any prime p dividing n, and let ¢ be a positive integer

divisible by ¢*(n). Then for all z € A, and all k > 0 we have

Af Z,u(d)d.m_;Bm([ac]d) =0 (mod nkAn)
d|n

and

2({)?{;) Zu(d)dm‘:an([fC]d) A

d|n



for all p € (2n)~1A,,.

Proof. First assume A,, = Z(,) and let p € (2n)"tA,,. Write n = pJ' -+ p2 as a product of powers
of distinct primes py, ..., p; then u(d) is nonzero only for the 2" distinct squarefree divisors d of n.
Let S; = {p5? - p% :e; € {0,1}} be the set of all 2771 squarefree divisors of d not divisible by p;.

r

Then by Lemma 2.1

3 p(d)d™ " By ([2]a) _ 3 p(5)s™ 1 B ([2]5) + p(sp1) (sp1) ™~ B ([2]sp,)

d| €s m
k23 S 1
(4.1)

=3 uepsret Bollels) =97 Bl

m
5651

Since [z], lies in the subring Z,) of Z,,, ¢(g,,) does not divide m, and Le.m. {¢(g,,),p}' "'}

divides ¢ we know from ([21], Theorem 3.2) that

ar { Bl = 57 B (lo],.)

m

} =0 (mod p]falz(pl)) (4.2)

and

Q(pAc) {Bm([w]s) — 1" "' B ([[#]s]y))

k - } € Z(m) (4.3)
for any s € S; and any p € (2pi') " 'Z(,,. (The result in [21] is stated only for p of the form
p=pi € (QpTl)_IZ(pl), but this restriction is not necessary; in the proof (cf. [20], eq. (2.17),
(2.18)) the essential point is that p(z° — 1) € Z,, for all z € Z). Since p; is an arbitrary prime

factor of n, we have

AF Zﬂ(d)dm_:an([x]d) =0 (mod p;*Z,,)) (4.4
d|n

and for any p € (2n)7'Z,) we have

d|n

for i = 1,...,r. Therefore (4.4) holds modulo n*Z,) and (4.5) lies in Z(,), proving the theorem
for A, = Z(,. Finally by n-adic continuity if = € Z, then (4.4) holds modulo n*Z, and if

p € (2n)"'Z,, then (4.5) lies in Z,,, proving the theorem for A, = Z,,.
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Remark. Several special cases of these results have recently appeared. The second result was first
obtained by Gunaratne [12] in the case n = p and z = 0. Eie and Ong [8] then proved the first
result in the case n = p® and k = 1 for primes p > 5. In [20] we gave a different proof of the second
result for n = p® and z = 0, and Z.-H. Sun [17] then gave a different proof of the first result in the
special case where n = p and ¢ = p— 1. At this time Fox [10] proved both results for n = p® in the
case where z € pq,Z,, and in [21] we proved them for general z € Z, for n = p*. Then Z.-W. Sun
[18] gave a version of the first result which applies when n is any odd integer and ¢ = ¢(n). The
above theorem removes the restrictions that n is odd and ¢ = ¢(n) from [18] and the restriction

that n = p® from [21].

Let x : (Z/dZ)* — R* be a multiplicative homomorphism, where R is a commutative ring
with identity of characteristic zero. Then y induces a homomorphism from (Z/cZ)* to R* for any
multiple ¢ of d. If x : (Z/dZ)* — R* cannot be induced by a homomorphism from (Z/cZ)* to R*
for any proper divisor ¢ of d, then x is called primitive and d is called the conductor of x. If x is
primitive of conductor f we extend x to a map from Z to R* by defining x(a) = 0 if (a, f) # 1;
then y is called a primitive Dirichlet character of conductor f. Since the non-zero values of y
are roots of unity of order dividing &(f), the ring Z,(¢q), where (4 is a d-th root of unity for
some divisor d of ¢(f), is a subring of C containing Z,) and the values of x. The quotient ring
Z,[T)/(T% — 1) for suitable d may likewise be viewed as a ring which contains Z, and the values
of x. For any primitive Dirichlet character x of conductor f we define the generalized Bernoulli

polynomials B,, ,(z) by

f at oo m
x(a)te - t
( T ) = 2 Bl (+6)
a=1 m=0 ’

The following theorem gives congruences for these polynomials modulo powers of a general integer

n > 1.

Theorem 4.2. Let n > 1 be an integer and let ¢ be a positive integer divisible by ¢*(n). Let x be
a nontrivial primitive Dirichlet character of conductor f. Let A, be either Zy) or Z,, and A,[x]

a ring containing A, and the values of x. If f is not a power of a prime factor of n, then for all
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x € A, and all k > 0 we have

and

(s

d|n
for all p € (2n)~'A,,, where s(n) denotes the largest squarefree divisor of n. If f = q,p°® (e > 0) is

a power of a prime p which divides n, then for all x € p¢A,, and all k > 0 we have

m—1 s(n)x
p(d)x(d)d™ ™" By
Af Z ( d ) =0 (modnkAn[X])
d|n

and

for all p € (2n)71A,,.
Proof. First assume A, = Z,). Write n = p{’ ---p}~ as a product of powers of distinct primes

P1yeeey Pry and let Sy = {p5? -+ -pfr 1 e; € {0,1}}. Then

(d)x(d)d™ ' B, (S(Z)m)

Z m

Observe that s(n)z/p1s € Zy,) for all z € Z(,,) and all s € Sy, and that l.c.m. {6(qp,), P31}

divides c. If f is not a power of p; then by ([21], Theorem 4.1) we have

[ (2) roowr s ()

C

— =0 (mod pf“lz(pl)[x]) (4.8)
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and

€ Z(p1) [X] (49)

(pAc) Bon x (S(Z)x) = x(p1)P!" " B x (S;?lx)

k m

for all s € Sy and all p € (2pf")7'Z(,,). (Again the restriction that p = p~" in ([21], Theorem 4.1)

is not essential). Therefore if f is not a power of any p;, i = 1, ..., r then we have

p(d)x(d)d™ =" By, (S(Z)QE)
INEDD - =0 (mod pi*Z,,[x]) (4.10)
d|n

and for all p € (2n) "' Z(,,) we have

(p?) > M(d)x(d)dm—:’:gm (S(Z)m) . N

d|n

fori=1,...,r, and therefore the first statement of the theorem follows for A,, = Z,.

If f = qyp° is a power of p = p; then for s € Sy, = € p°Z,) and p € (2pi")7'Z(, the

congruences
s(n)z — s(n)z
Bm,\ ( (3) ) - X(pl)pl Bm,x ( ;1«)9 ) L
AF p- =0 (mod py"' Z,,[x]) (4.12)
and

€ Z(pl)[X] (413)

g (pAc) Brmx (S(Z)m) — X(p)P" ™ B (Sg(a?)f)
P\ k

X

follow from ([22], Corollary 3.2) except in the case where p =2, e =0, and z € Z(Q), when they
follow from ([22], Corollary 5.2). Since (4.12), (4.13) hold for p = p; and (4.10), (4.11) hold for all
other primes p; where p}* divides n, the second statement of the theorem then follows for A,, = Z,.
By continuity the statements of the theorem hold for A, = Z,, as well, completing the proof.

Remark. In the case n = p* and z = 0 the A¥ form of the above result was proved by Carlitz [3],

Shiratani [16], and Ernvall [9]. The binomial coefficient operator form of this result was obtained

by Gunaratne [12] in the case z = 0 and f = ¢, and in [20], [21] we proved both results in the case
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where n = p® and f is not a power of p. Fox [10] gave the first proof of these results for general x in
the case n = p® under the assumption that z € FyZ,, where Iy = l.c.m.{f, ¢,}. In [22] we relaxed
this restriction on z, and in [18] Z.-W. Sun proved the A* form of this result for general n > 1 in
the special case where (f,n) = 1 and ¢ = ¢(n). The above theorem removes the restrictions that
(f,n) =1 and ¢ = ¢(n) from [18] and the restriction that n = p® from [22]. In the congruences of
Gunaratne [12], Fox [10], and the author [22] for n = p® the condition that ¢ (n) divides ¢ may be
waived by “twisting” the character y by powers of the Teichmiiller character; however if n is not a
prime power there seems to be no natural way of doing this.
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