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Abstract

1 2
Let ¢, = —— n> be the nth Catalan number. In this paper,
n+1\n

we look at some of the arithmetic properties of ¢,. For example, we
show that wa(c,) > loglogn for all n > 3 provided that ¢, is odd,
where wy(m) is the Hamming weight (or the binary sum of digits) of
the positive integer m. We also determine all instances in which ¢, is
a base 2 palindrome, and prove that the first £ odd Catalan numbers
are always distinct modulo 28+1.



1 Introduction

b — (2n) and o = 1 (277,)
n n+1\n

be the nth middle binomial coefficient and the nth Catalan number, respec-
tively. For positive integers m and g > 2 let w,(m) be the sum of the base
g-digits of m. In [4], it was shown that both inequalities

Let

wy(by) > e(n)(logn)'/? and  w,(c,) > e(n)(logn)'/?

hold for all n in a set of asymptotic density 1, where £(z) is any function such
that lim, .. £(z) = 0. In this note, we revisit this problem when g = 2 and
¢y, is odd. Our initial motivation was to find all positive integers n such that
¢n is a binary palindrome. Recall that if the g-ary expansion of a positive
integer m is

m=mo+mig+ -+ mgg, where w; €{0,1,...,9—1}, w, #0,

then m is called a base g palindrome if w; = wy_; holds for all i = 0, ..., k.
When g = 2, a base 2 palindrome is also called a binary palindrome. Since
binary palindromes start with the binary digit 1, they must also end with the
binary digit 1, and, in particular, they must be odd. Palindromes in other
sequences have been studied previously, one such example being the paper
[5] in which all positive integers n such that 10™ — 1 is a binary palindrome
have been determined.
Our results are the following.

Theorem 1. If ¢, is a binary palindrome, thenn =1, 3.
Theorem 2. Both inequalities

wa(by) > loglogn and wa(cn) > loglogn
hold for all n > 3 such that ¢, is odd.

Theorem 3. For all k > 0, the first k odd Catalan numbers are distinct
modulo 2+,



2 Proofs

It is well-known that ¢, is odd if and only if n = 2¥ — 1 for some k > 1. We
start with a useful auxiliary result.

Lemma 4. Assume that n = 2¥ — 1 with k > 4 and put § € {0,1} such that
k=06 (mod 2). Then the following estimate holds

22nfL3k/2j 1 1
Cp = W(l + Cn>, where w < C’fl < W

Proof. We start with the Stirling’s formula

On
, 0, <

h < —.
A DICES) 12n

n! = (n/e)"V2mne

Thus,

" on4+1\n ml/2(n + 1)3/2 ’

1 | 1 1
A=-log(1+-)e(—-— —).
zog( +n)€<2(n+1) 2n>

where

Now clearly

o g 1y o L Lo 1 t13
o S 2n  6(n+1)  2n  24n(n+1)’
1 1 1 9n — 4
Oop — 20, + N, > ——t — — = :
? * 24+ 1) 60 2m+1)  2dn(n+ 1)
Now since
l+r<e’ <l+a+a? (x < 1/2),
we get that
602n_20n_)\n — 1 + Cn7
where
In —4
n > o d
¢ 2n(n+1)
; In + 13 (9n + 13)? In + 17

<
24n(n+1)  24°n%(n+1)2 ~ 24n(n+1)’
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where the last inequality holds for all n > 11. Thus,

In —4 <, < In + 17
24n(n+1) ~ " " 24n(n+ 1)

which leads easily to the conclusion that

ok+2 <G < ok+1
for k > 4, and thus completes the proof of the lemma. O

Proof of Theorem 1. Assume that ¢, is a binary palindrome. In particular,
it must be odd, therefore n = 2¥ — 1 for some positive integer k. Assume
that £ > 10. Lemma 4 shows that
2N 1
anm(l‘i'gk), O<Ck<ﬁ’
where § € {0,1} and N = 2n — |3k/2|. The first few digits of the binary
expansions of 1/y/7 and 1/v/27 are

1 1
— = 0.1001000001. .. and —— = 0.01100110001 ...,
NS V21

respectively. Since (, is positive but < 1/2M we see that the first significant
four binary digits of ¢, are either 1001 or 1100, according to whether k is
even or odd, respectively. Should ¢, be a binary palindrome, we would get
that ¢, =9, 3 (mod 16), but this is false because it is known that ¢, = 5
(mod 8) (see [2]). O

Proof of Theorem 2. Assume that ¢, is odd. Thus, n = 2* — 1 for some k.
Assume that k is large. We put again 6 € {0,1} such that £ = § (mod 2).
Lemma 4 shows roughly that the first £ < logn digits of ¢, are related to
the first & digits of either 1/,/7 or 1/v/2m, according to whether k is even or
odd, respectively. To be more precise, given k, let k; be the position of the
right most digit of 0 among the first k& binary digits of 1/ V2o, Then the
first significant k1 — 1 digits of ¢, are the same as the first significant k4 — 1
digits of 1/v/297. Moreover, observe that if n = 25 —1, then ws(b,) = wa(cy,).
Thus, Theorem 2 will follow immediately from the following result.



Lemma 5. For § € {0,1}, d € {0,1}, s > 1, let N(,d, s) be the number of
binary digits whose value is d among the first s significant binary digits of

1/vV20m. Then
N(6,d,s) > logs  for  s=4.

Proof. We shall prove the lemma only for d = 1, since for d = 0 the proof is
analogous. Write

L1 1
Voir 2 om

We show that agy; < ag holds for all s > 1, which certainly implies the
conclusion of the lemma. Well, observe that

+ ..., where 1<y <ag < -.

1 A, < 1 (1)
Vor B 2
where 4 ) )
BS — 20L37 d —S _ — [P .
e B, T om o

Multiplying both sides of estimate (1) with

2° <\/216_7T+%Z) =0(1),

1 2942

T B
On the other hand, it is known that the left hand side above is > B2
for some positive constant K, which can be taken to be 7.02 for large s by
Hata’s work [3]. Hence, we get as1 < 2K a4+ O(1) < ag, which concludes
the proof of the lemma. O

we get
1

Qs +1 ’

Proof of Theorem 3. We consider the 2-adic Morita gamma function I'y
defined (see [1], p. 368) for positive integers n by

Lo(n) = (1" [] 4

0<j<n
2/j



it extends uniquely to a continuous function from Zs to Z5 , where Z, denotes
the ring of 2-adic integers, and satisfies the functional equation

—zly(z), = €Z3,

Palo+1)= {—F2($), x € 2Zy.

From the relation (see [1], p. 368)

n!

Ca(1+m) = (1" s g

we obtain

Cok_q . ( 2k —1 > F2(2k+1)

Cok—1_1 2k+1 —1 F2(2k)2 ’

Now I'y; has a power series expansion
FQ(Q:) = Zijj (SC € 4Z2)
5=0
(see [1], p. 379), with all v, lying in the field Q, of 2-adic numbers, with
Y =1, 71 € Z3, and 27v; € Z, for j > 2. Therefore, we have
[5(2) =1+ 2y (mod 2%727Z,)

for all positive integers 7, and thus

F2(2k+1>

W 1 (mod 22k_222)

for all positive integers k. Since (1 — 28+1) =1 =1 + 281 (mod 2227Z,), we
obtain the congruence

Cor_1 = (1 + 2" cpn-1_y  (mod 2%727)

for all positive integers k. This implies that cox_; and coe-1_; are always
congruent modulo 2¥ but are always incongruent modulo 2¥+1.

The theorem now follows by induction on k. We have ¢; =1 and c3 =5
which are certainly distinct modulo 8, so the case & = 2 is cleared. Now
assume ci,...,cor-1_; are all distinct modulo 2*. Since cor_y; = cor-1_,
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(mod 2%) we have cor_; Z c95_; (mod 2%) for 1 < j < k — 1; but also by
the above cor Z cor-1_q (mod 251)) which shows that cy,...,coe_; are all
distinct modulo 2%+ O

In conclusion, we remark that the 2-adic limit limy_,, cor_; of odd Cata-
lan numbers exists in Z, and is equal to [, 5, ['2(2%)7". We leave the deter-
mination of the transcendence or algebraicity of this limit as an open problem
to the reader.
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