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Abstract

Let cn =
1

n + 1

(
2n

n

)
be the nth Catalan number. In this paper,

we look at some of the arithmetic properties of cn. For example, we
show that w2(cn) ! log log n for all n ! 3 provided that cn is odd,
where w2(m) is the Hamming weight (or the binary sum of digits) of
the positive integer m. We also determine all instances in which cn is
a base 2 palindrome, and prove that the first k odd Catalan numbers
are always distinct modulo 2k+1.
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1 Introduction

Let

bn =

(
2n

n

)
and cn =

1

n + 1

(
2n

n

)

be the nth middle binomial coefficient and the nth Catalan number, respec-
tively. For positive integers m and g ! 2 let wg(m) be the sum of the base
g-digits of m. In [4], it was shown that both inequalities

wg(bn) ! ε(n)(log n)1/2 and wg(cn) ! ε(n)(log n)1/2

hold for all n in a set of asymptotic density 1, where ε(x) is any function such
that limx→∞ ε(x) = 0. In this note, we revisit this problem when g = 2 and
cn is odd. Our initial motivation was to find all positive integers n such that
cn is a binary palindrome. Recall that if the g-ary expansion of a positive
integer m is

m = m0 + m1g + · · · + mkg
k, where wi ∈ {0, 1, . . . , g − 1}, wk $= 0,

then m is called a base g palindrome if wi = wk−i holds for all i = 0, . . . , k.
When g = 2, a base 2 palindrome is also called a binary palindrome. Since
binary palindromes start with the binary digit 1, they must also end with the
binary digit 1, and, in particular, they must be odd. Palindromes in other
sequences have been studied previously, one such example being the paper
[5] in which all positive integers n such that 10n − 1 is a binary palindrome
have been determined.

Our results are the following.

Theorem 1. If cn is a binary palindrome, then n = 1, 3.

Theorem 2. Both inequalities

w2(bn) ! log log n and w2(cn) ! log log n

hold for all n ! 3 such that cn is odd.

Theorem 3. For all k > 0, the first k odd Catalan numbers are distinct
modulo 2k+1.
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2 Proofs

It is well-known that cn is odd if and only if n = 2k − 1 for some k ! 1. We
start with a useful auxiliary result.

Lemma 4. Assume that n = 2k − 1 with k ! 4 and put δ ∈ {0, 1} such that
k ≡ δ (mod 2). Then the following estimate holds

cn =
22n−$3k/2%

2δ/2π1/2
(1 + ζn), where

1

2k+2
< ζn <

1

2k+1
.

Proof. We start with the Stirling’s formula

n! = (n/e)n
√

2πneθn , where
1

12(n + 1)
< θn <

1

12n
.

Thus,

cn =
1

n + 1

(
2n

n

)
=

22n

π1/2(n + 1)3/2
eθ2n−2θn+λn ,

where

λn =
1

2
log

(
1 +

1

n

)
∈

(
1

2(n + 1)
,

1

2n

)
.

Now clearly

θ2n − 2θn + λn <
1

24n
− 1

6(n + 1)
+

1

2n
=

9n + 13

24n(n + 1)
,

θ2n − 2θn + λn >
1

24(n + 1)
− 1

6n
+

1

2(n + 1)
=

9n− 4

24n(n + 1)
.

Now since
1 + x < ex < 1 + x + x2 (x < 1/2),

we get that
eθ2n−2θn−λn = 1 + ζn,

where

ζn >
9n− 4

24n(n + 1)
and

ζn <
9n + 13

24n(n + 1)
+

(9n + 13)2

242n2(n + 1)2
<

9n + 17

24n(n + 1)
,
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where the last inequality holds for all n ! 11. Thus,

9n− 4

24n(n + 1)
< ζn <

9n + 17

24n(n + 1)
,

which leads easily to the conclusion that

1

2k+2
< ζn <

1

2k+1

for k ! 4, and thus completes the proof of the lemma.

Proof of Theorem 1. Assume that cn is a binary palindrome. In particular,
it must be odd, therefore n = 2k − 1 for some positive integer k. Assume
that k ! 10. Lemma 4 shows that

cn =
2N

2δ/2π1/2
(1 + ζk), 0 < ζk <

1

211
,

where δ ∈ {0, 1} and N = 2n − '3k/2(. The first few digits of the binary
expansions of 1/

√
π and 1/

√
2π are

1√
π

= 0.1001000001 . . . and
1√
2π

= 0.01100110001 . . . ,

respectively. Since ζn is positive but < 1/211, we see that the first significant
four binary digits of cn are either 1001 or 1100, according to whether k is
even or odd, respectively. Should cn be a binary palindrome, we would get
that cn ≡ 9, 3 (mod 16), but this is false because it is known that cn ≡ 5
(mod 8) (see [2]).

Proof of Theorem 2. Assume that cn is odd. Thus, n = 2k − 1 for some k.
Assume that k is large. We put again δ ∈ {0, 1} such that k ≡ δ (mod 2).
Lemma 4 shows roughly that the first k ) log n digits of cn are related to
the first k digits of either 1/

√
π or 1/

√
2π, according to whether k is even or

odd, respectively. To be more precise, given k, let k1 be the position of the
right most digit of 0 among the first k binary digits of 1/

√
2δπ. Then the

first significant k1 − 1 digits of cn are the same as the first significant k1 − 1
digits of 1/

√
2δπ. Moreover, observe that if n = 2k−1, then w2(bn) = w2(cn).

Thus, Theorem 2 will follow immediately from the following result.
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Lemma 5. For δ ∈ {0, 1}, d ∈ {0, 1}, s ! 1, let N(δ, d, s) be the number of
binary digits whose value is d among the first s significant binary digits of
1/
√

2δπ. Then
N(δ, d, s) ! log s for s ! 4.

Proof. We shall prove the lemma only for d = 1, since for d = 0 the proof is
analogous. Write

1√
2δπ

=
1

2α1
+

1

2α2
+ . . . , where 1 " α1 < α2 < · · · .

We show that αs+1 * αs holds for all s ! 1, which certainly implies the
conclusion of the lemma. Well, observe that

∣∣∣∣
1√
2δπ

− As

Bs

∣∣∣∣ *
1

2αs+1
, (1)

where

Bs = 2αs , and
As

Bs
=

1

2α1
+ · · · + 1

2αs
.

Multiplying both sides of estimate (1) with

2δ

(
1√
2δπ

+
As

Bs

)
= O(1),

we get ∣∣∣∣
1

π
− 2δA2

s

B2
s

∣∣∣∣ *
1

2αs+1
.

On the other hand, it is known that the left hand side above is ! B−2K
s

for some positive constant K, which can be taken to be 7.02 for large s by
Hata’s work [3]. Hence, we get αs+1 " 2Kαs + O(1) * αs, which concludes
the proof of the lemma.

Proof of Theorem 3. We consider the 2-adic Morita gamma function Γ2

defined (see [1], p. 368) for positive integers n by

Γ2(n) = (−1)n
∏

0<j<n
2 ! | j

j;
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it extends uniquely to a continuous function from Z2 to Z×2 , where Z2 denotes
the ring of 2-adic integers, and satisfies the functional equation

Γ2(x + 1) =

{
−xΓ2(x), x ∈ Z×2 ,

−Γ2(x), x ∈ 2Zp.

From the relation (see [1], p. 368)

Γ2(1 + n) = (−1)n+1 n!

2[n/2][n/2]!
,

we obtain
c2k−1

c2k−1−1
=

(
2k − 1

2k+1 − 1

)
Γ2(2k+1)

Γ2(2k)2
.

Now Γ2 has a power series expansion

Γ2(x) =
∞∑

j=0

γjx
j (x ∈ 4Z2)

(see [1], p. 379), with all γj lying in the field Q2 of 2-adic numbers, with
γ0 = 1, γ1 ∈ Z×2 , and 2jγj ∈ Z2 for j ! 2. Therefore, we have

Γ2(2
j) ≡ 1 + 2jγ1 (mod 22j−2Z2)

for all positive integers j, and thus

Γ2(2k+1)

Γ2(2k)2
≡ 1 (mod 22k−2Z2)

for all positive integers k. Since (1− 2k+1)−1 ≡ 1 + 2k+1 (mod 22k+2Z2), we
obtain the congruence

c2k−1 ≡ (1 + 2k)c2k−1−1 (mod 22k−2Z)

for all positive integers k. This implies that c2k−1 and c2k−1−1 are always
congruent modulo 2k but are always incongruent modulo 2k+1.

The theorem now follows by induction on k. We have c1 = 1 and c3 = 5
which are certainly distinct modulo 8, so the case k = 2 is cleared. Now
assume c1, . . . , c2k−1−1 are all distinct modulo 2k. Since c2k−1 ≡ c2k−1−1
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(mod 2k) we have c2k−1 $≡ c2j−1 (mod 2k) for 1 " j < k − 1; but also by
the above c2k $≡ c2k−1−1 (mod 2k+1), which shows that c1, . . . , c2k−1 are all
distinct modulo 2k+1.

In conclusion, we remark that the 2-adic limit limk→∞ c2k−1 of odd Cata-
lan numbers exists in Z2 and is equal to

∏
k!1 Γ2(2k)−1. We leave the deter-

mination of the transcendence or algebraicity of this limit as an open problem
to the reader.

Acknowledgements. We thank the anonymous referee for useful sug-
gestions. This work started during a visit of F. L. at the Mathematics De-
partment of the College of Charleston in September of 2008 and was finalized
during a visit of P. T. Y. at the Mathematical Institute of the UNAM in
Morelia, Mexico in November of 2009. Both authors thank the respective
institutions for their hospitality and support.

References

[1] H. Cohen, Number Theory, Graduate Texts in Mathematics 240,
Springer-Verlag, New York, 2007.

[2] S.-P. Eu, S.-C. Liu, and Y.-N. Yeh, ‘Catalan and Motzkin numbers
modulo 4 and 8’, European J. Combin. 29 (2008) 1449–1466.

[3] M. Hata, ‘Rational approximations to π and some other numbers’, Acta
Arith. 63 (1993), 335–349.

[4] F. Luca and I. E. Shparlinski, ‘On the g-ary expansions of middle bino-
mial coefficients and Catalan numbers’, Rocky Mtn. J. Math., to appear.
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