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ABSTRACT
In this article we investigate the Bernoulli numbers B,, associated to the formal group
laws whose canonical invariant differentials generate the Lucas sequences {U, } and {V,,}.
We give explicit expressions for these numbers and prove analogues of Kummer congruences

for them.

1. INTRODUCTION

The Bernoulli numbers B,, are the rational numbers defined by the generating function

¢ e
= B,—. 1.1
et —1 nz::() n! (1.1)

Among the many important properties of these numbers are the Kummer congruences, a
strong form of which read as follows: Let p be an odd prime, assume that p — 1 does not

divide m, and that (p — 1)p® divides ¢ for some a > 0. Then for all & > 0,

k

— k Bm jc
(-1t J(j)ﬁzo (mod p*7Z,), (1.2)
Jj=0

where A = min{m — 1,k(a + 1)} and Z,, denotes the ring of rational numbers with
denominator relatively prime to p (cf. [2]).

The Bernoulli numbers have been generalized in many ways, and analogues of the
congruences (1.2) hold for many of these generalizations ([1], [6], [8]). For one type of

generalization, let ¢y, ¢g, ... be indeterminates and consider the formal power series

/\(t):t—|—Zcii+1 (1.3)



in Qley, ca,...][[t]]. Let e denote the formal compositional inverse of A in Q[eq, ca, ...][[t]],

and define the universal Bernoulli numbers B, in Q[er, ca,...] by
t SN
= B,— (1.4)
c |
e(t) — !
(cf. [3]). In this generalization each B, is actually a polynomial of degree n in ¢1, ¢, ..., ¢n

with rational coefficients. Recently Adelberg [1] has proved that if ¢ = I(p — 1) where p*
divides I, m > a + 2, and m # 0,1 (mod p — 1), then

Bm—l—c 1

m a+1
mtc -1, =0 (medp"Zger ), (1.5)

whereas if m =1 (mod p — 1) and m > a + 2 then

~

Boe B _ .
+ ]lj_l c;tql 2 (cp—1c? —cap—1)1/2 (mod p "HZ(p)[cl, c2y...)) (1.6)

m+c Fm
where ¢ = (m — 1)/(p — 1). Note that (1.5) is similar to the & = 1 case of (1.2). The
analogy may be seen by mapping ¢; — (—1)! in (1.3), so A\(#) > log(1 +¢) and in turn
e(t) — e’ — 1, whence B, — B, by comparison of (1.4) with (1.1).

In this paper we examine the rational numbers B, obtained in (1.4) by mapping
¢i — Uigq or ¢; — Vigy in (1.3), where {U, } and {V,,} are Lucas sequences of the first and
second kind. We will call the numbers f)’n thus obtained Lucas-Bernoulli numbers. We’'ll
give congruences analogous to (1.2), and stronger than the general congruences (1.5), (1.6)
for these numbers. Specifically, we show that if p is an odd prime, p — 1 does not divide
m, and the increment ¢ = [(p — 1) where p® divides [ for some a > 0, then for all k& > 0,

k -k B
S (—1)k <j>c§,’“_1”’ﬂ =0 (modp?Z,), (1.7)

= m—+ jc

where A = min{m — 1,k(a + 1)}. One may use the explicit formula ([1], eq. (3.1)) for the
polynomials Bn/n in terms of the indeterminates ¢; to express the congruences (1.7) as

nonstandard congruences for the Lucas numbers U, V,,.
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The polynomials B,, € Qley, ¢z, ...] defined in (1.4) are called universal Bernoulli num-
bers because the power series A in (1.3) is the formal logarithm of the universal formal
group law ([3], [5]). It appears to us that the congruences (1.2), (1.7) one obtains for the
specializations ¢; — (—l)i, ¢i = Uit1, or ¢; — Viqq are stronger than those in (1.5), (1.6)
because these specializations make A into the logarithm of an integral formal group law,
whereas the universal formal group law is not integral. These considerations are discussed

in section 5 below.

2. PRELIMINARIES

Let P and @ be integers, and define sequences {U,} and {V,,} by the recurrences
Up=PUp_1 —QUp_3, V, =PV, 1 —QV,_o, (2.1)

with initial conditions Uy = 0, Uy = 1, Vo = 2, V; = P. Then r(t) = 1 — Pt + Qt* is
the characteristic polynomial of the recurrence for either {U,} or {V,,}, with discriminant
D = P? —4Q. If r(t) factors as r(t) = (1 — at)(1 — t) then a = (P 4 v/D)/2 and
B = (P —+/D)/2, so that a — 8 = /D, and for all n we have

Vo =0a" 4+ 37, U, = (a™ — 3"), (2.2)

1
VD

1. These sequences may be generated by the

unless D = 0, in which case U,, = na™"".

differential forms
>xO

dt dt dr dt

r(t) Z t r Z t (2:3)
n=1 n=1

We will make use of two well-known congruence properties of these numbers (cf. [7]): For

any prime p we have
Up=(D|p) (modp), and Vp =P (mod p), (2.4)

where (D|p) is the Legendre symbol. See (5.6), (5.7) for more general versions of (2.4).
Throughout this paper p will denote a prime number, Z, the ring of p-adic integers

and Z,) the ring of rational numbers whose denominator is relatively prime to p, so that
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Zy(Q = Zy. All our congruences involve rational numbers and are stated in Z,, but
we often work in Z, rather than Z,) because Z, is complete. A congruence z =y (mod
pAZ(p)) means that z — y is a rational number whose numerator is divisible by p4. If R is
a commutative ring with identity then R* will denote its multiplicative group of units and
R[[X]] will denote the ring of formal power series in the indeterminate X over R. Recall
that a formal power series f is a unit in R[[X]] if and only if the constant term of f is a
unit in R, and that f has a compositional inverse in R[[X]] if and only if f has constant

term zero and linear coefficient in R*. The binomial expansion

o0

(1+y) =) (Z) y* (2.5)

k=0
will be invoked in several contexts. First, if a € Z, and y € pZ, then the series (2.5)

converges in Z,; therefore if + = 1 (mod pZ,) and a € Z, then z* € Z, as well. Second, if
a € R and y € XR[[X]] is a power series with constant term zero then (2.5) makes sense
in R[[X]]; thus if f € R[[X]] has constant term 1, then f* € R[[X]] for any a € R.

If ¢ 1s a nonnegative integer, the difference operator A, with increment ¢ operates on

the sequence {a,} by

Acm = Gmte — Q- (2.6)

The powers A¥ of A, are defined by AY = identity and A¥ = A. o AF=! for positive

integers k, so that

Ay =3 (5) 0 2.7)

=0
for all nonnegative integers k. Thus for example the congruences (1.2) may be expressed
as AM{B,,/m} = 0 (mod p*Z,). The calculations in our proof of the congruences (1.7)

are primarily based on two principles. One is the identity

k SNy i k—i
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(8], eq. (5.38)). The other is Theorem 1.1 of [8], which states that if h € Z,[[T — 1]] and
h(e') = 32°7 , ant™/n! then for ¢ = 0 (mod (p — 1)p®) we have A¥a,, =0 (mod pAZ,) for

all & > 0, where A = min{m, k(a + 1)}.

3. LUCAS-BERNOULLI NUMBERS OF THE FIRST KIND
In this section we show that the numbers En obtained by specializing ¢; — U;41 may
be expressed in terms of the usual Bernoulli numbers B,,, and prove the congruences (1.7)
for these numbers.
Theorem 3.1. Let B,, denote the numbers obtained in (1.4) by specializing ¢; — U,;41 in
(1.3). Then for all n,
B, = \/Ean + ady

where 6; ; is the Kronecker delta. For even n > 0 the denominator of ﬁn is equal to the
product of those primes p not dividing D such that p — 1 divides n.
Proof. Following (2.3), let

At . . ! "
w = @ = T;Unt dt, o) A(t) = /0 w = T;Un; (3.1)

agrees with (1.3). I D = 0 then A\(¢t) =t/(1 — at), whereas if D # 0 then

A#) = \/1510g<1:§i>. (3.2)

Therefore if D = 0, the compositional inverse € of \ satisfies e(t) = ¢/(1+at), and if D # 0

then
1 — VDt

e(t) = m.

So if D = 0 then t/e(t) = 1 + at, whence By=1,B, =a, and B, = 0 for n > 1. The

(3.3)

theorem is thus proven in this case. If D # 0 then

t
— =at+

@ v o (3.4)

and comparison with (1.1) yields the stated identity.
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The von Staudt-Clausen theorem (cf. [3]) states that the denominator of B,, is always
squarefree, and for even n > 0 is in fact equal to the product of those primes p such that
p — 1 divides n. This formula implies that the denominator of the number B,, associated
to ¢; — U,41 1s also squarefree, and for even n > 0 is equal to the product of those primes
p not dividing D such that p — 1 divides n. Therefore B, € Zp for all n > 1 when p is a
prime dividing D.

Remarks. If we choose r(t) so that its discriminant D is not a square, this formula
provides another proof of the well-known facts that By = —1/2 and Bsgyy = 0 for all
k > 0, since it is clear that both B, and én are rational numbers. When k£ > 0 the
formula reads BZk—i—l = \/52k+1B2k+17 which cannot hold unless both sides are zero. With
n =1 we have By = (P/2)4++/D(B;+(1/2)), implying By +(1/2) = 0, and thus B, = P/2.

The first few values of B, for ¢; Uiy are By = 1, B, = P/2, By, = D/6, By = 0,
B, = —-D?/30, B; =0, B = D3/42, B; =0, Bs = —D*/30, By = 0, Byo = 5D%/66. The
usual Bernoulli numbers B,, may be obtained in this way by choosing P = —1 and ¢) = 0;
in this case U, = (=1)"*! for n > 0.

Theorem 3.2. Let B, denote the numbers obtained in (1.4) by specializing the indeter-
minates ¢; — U;4q in (1.3). Then if p is an odd prime, p — 1 does not divide m, and the
increment ¢ = I(p— 1) where p® divides [ for some a > 0, then for all k > 0, the congruence

, B
k Il Pm+j¢c
g ( ) 1(9 1]) e =0 (mod pAZ(p))
j=

m—+ jc

given in (1.7) holds, where A = min{m — 1,k(a + 1)}.
Proof. In the case m = 1 the left side of the congruence is just (—l)kU]flP/Q, which
lies in Zp); the theorem is therefore true in this case. If m > 1 is odd, the left side is

zero and the theorem is also true in this case. Now assume m > 1 is even, which implies

B’m = \/ﬁmBm with \/l_)m € Z, and therefore the left side of the congruence becomes

: B
Z ( )U(k ])l\/—mﬂc m+je (3.5)
=

m+]c



If p divides D then p divides U, as well by (2.4); therefore the power of p dividing the j-th
term in (3.5) is at least (k—j)l+(m+jc)/2, which may be written as kl+(m/2)+jl(p—3)/2
and is therefore greater than kl. Since p® divides [, we have | > a + 1 so this exponent is
at least k(a + 1), proving the theorem in this case.

Finally suppose that p does not divide D, while m > 1 is even. In this case (2.4)
tells us that U, = D»~1/2 = (D|p) (mod p). Since DP~V/2/U, =1 (mod pZ,), we may
expand (D®=D/2/17,)¢/(=1) in 7, for any integer e by (2.5). If we take e = 1 this defines
an element of Z, we’ll denote by Up_l/(p_l)\/ﬁ. If e = 2¢ is even this defines an element
of Z, we’ll denote by DC/UE/(p_l)7 which in turn defines an element U;/(p_l) € Z, such
that (U;/(p_l))(p_l) = U, and U]f/(p_l) = D° (mod pZ,). The expression (3.5) may then
be written as

k
R0 3 ()i (’f) (U1 =0yt Brtic

= J m+jc

_ pktEm/(=1) Ak {(U—l/(p—l)\/ﬁ)mB_m} .
P c P m

By the identity (2.8), this expression is equal to

k
m/(p— k i Bm —1q — — m+tic
gkttm/(p 1)§:<i)Ac{—}A’j {(Up Yr=1)y/pym+ } (3.7)

: m
1=0

By (1.2) we have AL{B,,/m} = 0 (mod p*Z,)) for A; = min{m — 1,i(a + 1)}. By the

binomial theorem the term Uﬁl—i_m/(p_l)Af_i{(Up_l/(p_l)\/5)’”'“6} is equal to

k—1
mic 4 p-1)/2\ "
VD ko (20 g . (3.8)
p Up

Since DP=1/2 = U, (mod p) we have (D?~D/2/U,)1 =1 (mod p(“'H)Z(p)), and therefore
(3.8) is zero modulo p(k_i)(“+1)Z(p). Therefore each term in the sum (3.7) is zero modulo

pAZ(p), proving the theorem.

4. LUCAS-BERNOULLI NUMBERS OF THE SECOND KIND
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In this section we express the numbers En obtained by specializing ¢; — V41 in terms
of the Bernoulli numbers B,, and the Stirling numbers S(n, k) of the second kind, which

are defined by the generating function

(et ;’1) _ Z S(n,k)i—n!, (4'1)

and use this to prove the congruences (1.7) for these numbers.
Theorem 4.1. Let Bn denote the numbers obtained in (1.4) by specializing ¢; — Vi1 in

(1.3), where P =1 and @ is an arbitrary integer. Then for all n,
B,=(-1)"B, —n zn: (1/2>22k_1Qk(k —)IS(n — 1,k —1).
n n — k b

The denominator of én is equal to the denominator of B, for all n.

Proof. Following (2.3), let

dr > 1 ! > tn
w=-——= nz::l Vat dt, SO A(t) = /0 w = nz::l Vn; (4.2)
agrees with (1.3), since we assume P = 1. It follows that A(¢) = —logr(t), so that its
compositional inverse ¢ satisfies
et =1-¢(t)+ Qe(t). (4.3)

By the quadratic formula we have

11— \/14+4Q(e7* — 1)
- 20

if Q # 0, whereas £(t) = 1 — e~ " if Q = 0. Observe that the power series f = 14+ 4Q(e~" —

e(t)

(4.4)

1) € Q[[t]] has constant term 1, so that \/f = /2 may be expanded by (2.5) as a power
series in Q[[t]], which also has constant term 1; this is the meaning of the square root
symbol in (4.4). The negative sign is chosen for the square root in order that the power

series ¢ € Q[[t]] has constant term zero, so (4.3) makes sense. Therefore for @ # 0,

t 20t (14 4/14+4Q(e7t — 1))
et)  1—/1+4Q(e'—1) 2(e™! — 1) ’

(4.5)




and the right side of (4.5) is correct even for @ = 0.

The identity of the theorem follows by applying the binomial expansion (2.5) to the

generating function (4.5), yielding

o 17 (14 /14+4Q(e T — 1))
z:: Bl = 2(e~t —1)

Z (1/2> 92k=10k(f — 1)1S(n — 1,k — 1).

Expanding the right side using (1.1) and (4.1) gives the stated identity. Since k!S(n,k) € Z
we see that B, — (=1)"B,, € nZ for all n; therefore the denominator of B, is always equal
to the denominator of B,,.

Remarks. The first few values of B, in this case are Bg = 1, B, = % —-Q, B, = % —20Q7?,
By = 3Q% - 12Q3%, By = — 35 —4Q% +48Q% —120Q*, Bs = 5Q?* — 140Q* +900Q* — 1680Q°,
Bs = é — 6Q* + 360Q% — 4500Q* + 20160Q° — 30240Q°. Clearly, if we choose Q = 0
then we obtain B, = (—1)"By. Although it is not an integer, the choice @ = 1/4 gives us
B, = (=2)7"B,, for all n.

Theorem 4.2. Let B, denote the numbers obtained in (1.4) by specializing the indeter-
minates ¢; — Viyy in (1.3), where P = 1 and Q is an arbitrary integer. If p is an odd

prime, p— 1 does not divide m, and the increment ¢ = [(p — 1) where p* divides [ for some

a > 0, then for all k > 0,

~

u B
m-+jc A
— = mod p”'Z
Z ( )m—l—]c 0 ( odp (P))’

J=0

where A = min{m — 1,k(a + 1)}.

Proof. We define

1+4/14+4Q(T — 1)
2(T —1) ’

9(T) = (4.7)
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so that g(e’) = —1/e(—t). Choose a positive integer b such that (b,p) = 1, and consider
h(T) = bg(T?) — g(T). We compute

h(T) = Q(Tl_ 3 b1 + \/1;51;;2)@1) “Y) . AFor-D|, @s)
where
TP —1=((T-1)+1°"-1
(4.9)

:b(T—1)+(g)(T—1)2—I—---+(T—1)bEZp[[T—l]L

and therefore

3,(T) = C;b__ll =b+ (Z)(T D)4 (T =1 € Z,[[T - 1]]%. (4.10)

By (4.9), T® — 1 has no constant term when considered as an element of Z,[[T — 1]], so
both square root terms in (4.8) lie in Z,[[T — 1]]. Furthermore since its constant term b
is invertible in Z,, the polynomial ®,(T) is invertible as an element of Z,[[T — 1]], and
therefore the expression in brackets in (4.8) lies in Z,[[T — 1]]. The constant term of this
expression in brackets is clearly (b-2/b) —1 —1 = 0, so this expression in brackets in (4.8)
is divisible by T'— 1 and therefore h(T') € Z,[[T — 1]].

In ([7], Theorem 1.1) we showed that if h € Z,[[T — 1]] and h(e') = > 77 ant™/n!
then for ¢ = 0 (mod (p — 1)p®) we have A¥a,, = 0 (mod p*Z,) for all & > 0, where
A = min{m, k(a4 1)}. Since g(e') = —1/2(—t) and h(T) = bg(T?) — g(T) we have

h(e') = i(b"“ _ Bt gyt (4.11)
n+1 n!

n=0

so that a,, = (b"*! — 1)(—1)”+1B’n+1/(n + 1). Therefore for any m,
B
Af {(bm - 1) (—1)m}

where A = min{m—1,k(a+1)}. Since the increment ¢ is even the factor (—1)™+/¢ = (—1)™

Il
o

(mod pAZ(p)) (4.12)

independent of j and therefore may be factored out of the congruences. Now suppose that

k and m are given such that p — 1 does not divide m. Since the mutiplicative group
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(Z/pZ)* is cyclic of order p — 1, we may choose a positive integer = such that (z,p) =1
and ™ # 1 (mod p). Now let N > k(a+ 1) and put b = 2P . Since y? (P~ =1 (mod
p*T!) for any nonnegative integers vy, s, it follows that this choice of b satisfies (b, p) = 1,

b™ = 2™ # 1 (mod p), and b™T7¢ = b™ (mod p™*1) for all j. Therefore from (4.12),

~

k
0= Z bm+]c _ 1) Bm—l—jc (_1)m—|—]c
p= m+ je

k. ~
m Bm+j0 A
(o™ Z ( )r—l—]c (mod p”Zy)),

j=

(4.13)

but since the factor (b™ — 1)(—1)™ is a unit in Z,) the result follows.

Theorem 4.3. Let B, denote the numbers obtained in (1.4) by specializing the indeter-
minates ¢; — Viyy in (1.3), where P = 1 and Q is an arbitrary integer. If p is an odd
prime, p— 1 does not divide m, and the increment ¢ = [(p — 1) where p® divides | for some

a > 0, then for all k > 0, the congruence

k B

k I Dm+jec _
Z ( ) (EPIEIEE =0 (mod pUZy)
]

m—l—]c

given in (1.7) holds, where A = min{m — 1,k(a + 1)}.

Proof. We have V, = 1 (mod p), so by (2.5) there exists Vpl/(p_l) € Z, such that
v,/ PmNe=1 — 7 and VP = 1 (mod pZ,). The left side of the congruence of the
(Vp P P biup g

theorem may be written as
k
Z V(k 1 Bmtje
= m + ]c

. .
_ — k — _ m ‘cBm jc
_ k- 3 Lk ]<.>(V 1p=1)ymetje Bmtie (4.14)

j=0 i/t mtje

B,
= VpkH'm/(p_l)Af {(Vp—l/(p—l))M_} ]

m
By the identity (2.8), this expression is equal to
e\ (B ‘ ‘
Vpkl+m/<p—1> Z <Z> Al {Wm} Akt {(Vp—1/<p—1))m+w} . (4.15)
=0

11



By Theorem 4.2 we have Ai{B,,/m} = 0 (mod pYiZy) for A = min{m — 1,i(a + 1)}.

By the binomial theorem the term Vpkl+m/(p_1)A’g_i{(vp_l/(p_l))m'i'ic} is equal to
—3 _ k—1
vEI(y St -1t (4.16)

Since V, = 1 (mod p) we have Vp_l = 1 (mod p(“+1)Z(p)), and therefore (4.16) is zero
modulo p(k_i)(“+1)Z(p). Therefore each term in the sum (4.15) is zero modulo pAZ(p),

proving the theorem.

5. CONNECTIONS TO FORMAL GROUP LAWS
In this section we summarize some basic facts concerning formal group laws which
relate to the results of this paper. Let ¢1,¢2,... € Z, define A € Q[[t]] by (1.3), and let
¢ be the compositional inverse of A in Q[[t]]. Then the two-variable formal power series
F € Q[[X,Y]] defined by F(X,Y) = e(AMX) + A(Y)) is a commutative formal group law

over QQ; that is,

F(X,)Y)=F(Y, X), (5.1)
F(X,00=X and F0,Y)=Y (5.2)
and
F(F(X,Y),Z) = F(X,F(Y,Z)) (5.3)
hold as identities in Q[[X,Y]]. If
0
v(T) = a—X(F(X,Y)) (5.4)

then w = dT'/v(T) is the canonical invariant differential on F, A\(¢) = fotw is the formal
logarithm of F', and the compositional inverse ¢ of A is the formal exponential of F', which
satisfies the autonomous differential equation ¢’ = v(e). Any choice of integers ¢; in (1.3)
will make A into the logarithm of a formal group law over QQ, but only certain choices of

¢; € Z will yield a formal group law over Z.
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By the functional equation lemma of Hazewinkel [5], the formal group law F' thus
constructed will be defined over Z (i.e., F' € Z[[X,Y]]) if and only if for each prime p there

exists an element n, € Z, such that for all positive integers m, s we have
Cmps—1 = NpCrmpe—1_1 (mod p°Z,), (5.5)
with the convention ¢y = 1. For ¢; — U;41 we have
Unpe = (DIp)Upes (mod p'Z), (5.6)
whereas for ¢; — Vi1 we have
Vinps = Vippe—1 (mod p°Z,), (5.7)

(cf. [7]). Therefore the differential forms in (2.3), (3.1), (4.1) are invariant differentials
on integral formal group laws. (For ¢; — Vi1 we required P = 1 only so that the first
coefficient ¢y of A will be 1.) For both of these specializations of the ¢; we have seen that
for even n > 0 the denominator of B,, is equal to the product of those primes p not dividing
¢p—1 such that p — 1 divides n (see Theorems 3.1 and 4.1 and also [3]).

If we map ¢; — U,y so that w and A are as in (3.1), we may calculate that the rational

function
X+Y -PXY

FXY) =—"0xv

(5.8)

is the corresponding formal group law. From [4] we know that every rational formal group
law over Q is of the form (5.8). Therefore we may interpret Theorem 3.2 as saying that
the numbers B,, satisfy the congruences (1.7) whenever the ¢; in (1.3) are specialized to
integers which make A into the logarithm of a rational formal group law.

A more general connection between integrality of formal group laws and Kummer
congruences may be seen in Adelberg’s result ([1], Theorem 4.5). There he showed that if
¢ =1I(p—1) where p® divides [, m > a +2, and m # 0,1 (mod p — 1) then the congruence

(1.5) holds, whereas if m =1 (mod p — 1) and m > a + 2 then the congruence (1.6) holds
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for the universal Bernoulli numbers B’n Now if the ¢; are specialized to integers in (1.3) so
that A is the logarithm of an integral formal group law, then by (5.5) with s = 1 we have
cp—1 = np (mod p) and cyp—1 = npcr (mod p). It follows that cp_1¢h — cop—1 = 0 (mod
p), and therefore the expression on the right in (1.6) vanishes modulo p®*'Z,. That is,

the right side of (1.6) is trivial for the B,, associated to any formal group law over Z, but

~

not for an arbitrary formal group law over Q. In [6] Snyder showed that the numbers B,
associated to any formal group law over Z satisfy the congruences (1.7) in the case where

[ = 1. In this paper we have looked at the examples of integral formal group laws obtained

A

by ¢; = Ujyq or ¢; — V;41 and shown that their associated numbers B,, satisfy not only

(1.5), but the more general version (1.7).
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