On the behavior of some two-variable p-adic L-functions

PaurL THoMASs YOUNG

Department of Mathematics, University of Charleston
Charleston, SC 2942/
paul@math.cofc.edu

We give some p-adic integral representations for the two-variable p-adic L-functions in-
troduced recently by G. Fox. For powers of the Teichmiiller character, we use the integral
representation to extend the L-function to a larger domain, in which it is a meromorphic func-
tion in the first variable and an analytic element in the second. These integral representations
imply systems of congruences for the generalized Bernoulli polynomials, improving previous
results of Fox, Gunaratne, and the author; they also lead to generalizations of some formulas
of Diamond and of Ferrero and Greenberg for p-adic L-functions in terms of the p-adic gamma
and log gamma functions.
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1. INTRODUCTION.

In a recent article [7] G. Fox defined a two-variable p-adic L-function L,(s,t, x) for Dirichlet

characters y, with the property that

By (qt) — xw ™™ (p)p™ ' By yw-m (p™ 1 qt)

L,(1-m,t x)=— -

(1.1)

for positive integers m and ¢t € C, with [t| < 1, where ¢ = pif p > 2 and ¢ = 4 if p = 2, and
B, yu-m(2) is a generalized Bernoulli polynomial (see §2 for definitions). He proved that L,(s,, x)
is analytic in s and ¢ for s € C, with |s| < gp™"/(P=1) (except for s = 1if y = 1) and ¢ € C, with
|t| < 1. Therefore L,(s,t,x) is a natural extension of the Kubota-Leopoldt p-adic L-function
L,(s,x) ([10], [9]), which is the function obtained by putting ¢t = 0 in L,(s,t, x). Fox developed
some analytic and arithmetic properties of L,(s,t, x) and used these properties to prove strong
general systems of congruences for values of generalized Bernoulli polynomials, which generalize
the classical Kummer congruences [1], [2], and congruences of H. S. Gunaratne [8].

Using a different approach, we proved similar congruences [13] for values of Bernoulli polyno-
mials at arguments corresponding to ¢ values outside the disc of analyticity of L,(s,t, x). In an

k

effort to explain this phenomenon, we now show that when y = w” is a power of the Teichmiiller

character, L,(s,t, x) may be extended to a domain which includes ¢ € ¢7'Z,, so that is an analytic



function in s (except at s = 1 when x = 1), and an analytic element in ¢ on ¢='Z,. This extension
interpolates Bernoulli polynomial values from (1.1) and from the congruences in [13]. We deduce
this result from a p-adic integral representation for L, (s, ¢, x), which we give in section 3 for Dirich-
let characters of p-power conductor. In section 4 we give a slightly different integral representation
in the case of characters whose conductor is not a power of p. These integral representations then

produce systems of congruences which generalize the results of [7], [8], and [13].

Whereas the usual integral representations for L,(s,x) involve “fixed” p-adic measures (the
regularized Bernoulli measures) on a space X ™ which varies with the character x, we employ an
approach for L,(s,t, x) in which the space of integration Z;j is fixed and the measure varies with
the character, as well as with t. This approach allows us to eliminate the regularizing factor
(1 — x(b)(b)'~*) from our formulas for L,(s,t,x) in the case of characters x whose conductor is
not a power of p. The elimination of this factor facilitates the study of the analytic properties
of L,(s,t,x) for such characters x. As an illustration we give a generalization to L,(s,t,x) of
a formula of J. Diamond [4] and of B. Ferrero and R. Greenberg [6] for L} (0, x). Of course the
regularizing factor cannot be removed in the case of powers of the Teichmiiller character, because
its vanishing at s = 1 is needed to “correct” the singularity of L, at s = 1 when x is the trivial

character; indeed this factor vanishes for all & only when y =1 and s = 1.

There is some flexibility in these integral formulas with respect to the characters involved, in
that both the integrand and the measure are defined in terms of Dirichlet characters. For example,
in §3 we show that for powers of the Teichmiiller character w, we can define L, (s, ¢, w*) (up to the
regularizing factor) as a p-adic [-transform of the measure wi_luwj7b7x for any choice of integers
i,j such that i+ j = k. That these ¢(¢q) different definitions all define the same function for ¢t € Z,,
can be verified by straightforward computations with the associated formal power series; or, since
Fox has shown that L,(s,t,x) is the unique function analytic in s satisfying (1.1), by observing
that these integral representations are analytic in s and by definition agree with L,(s,t, x) on sets
with limit points in Z,. In the same way, when p = 2 and x is not of the second kind, we show in

§5 that there are two natural ways to extend the function Ly(s,t, x) to values of ¢ in %Zg which
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satisfy (1.1) when ¢ € Zy, but for ¢ € (§Z3) \ Z, these two extensions are not equal.
2. PRELIMINARIES.

Throughout this paper, p will denote a prime number, Z, the ring of p-adic integers, Z
the multiplicative group of units in Z,, Q, the field of p-adic numbers, C, the completion of an
algebraic closure of Q,, and O the subring O = {z € C, : || < 1} of C,, where | - | denotes the

absolute value on C, normalized so that |p| = p~!

. We let ord, denote the additive valuation on
C, normalized so ord,p = 1, so |z| = p~°™»? for all z # 0. The integer ¢ is defined by ¢ = p if
p > 2and ¢ = 4if p = 2. The Teichmiiller character w on Z is defined by setting w(a) to be
the unique ¢(g)-th root of unity congruent to ¢ modulo ¢Z,, and we define (a) by ¢ = w(a) - (a)
for @ € Z). Following [7],if @ € Z,f and t € O, we extend these definitions by w(a + ¢t) = w(a)
and a + ¢t = w(a) - (a + qt); we also consider w as a Dirichlet character of conductor ¢ by setting
w(n) = 0if p divides n. If K is a finite extension of Q, then Ox = O N K will denote its ring of
integers, and O g [T — 1] and O g[[T — 1]] denote respectively the ring of polynomials and of formal
power series in the indeterminate (7' — 1) over Ok.

The set ADK of all Ok-valued measures on Z, forms a ring under addition and convolution
of measures. This ring is isomorphic to the formal power series ring O x[[T — 1]] by means of the
isomorphism Ay — O[[T — 1]] defined by p +— h, where

h(T) = /Z T dy(a). (2.1)

P

The linear operator ¢ defined by
1
oh(T) = h(T) — 3 3 h(CT) 22)
¢r=1
is well-defined and stable on rational functions, and also on Og[[T — 1]] (cf. [12]). If h(e') =
ST ant™/nl, write (¢h)(e') = 3" a,t"/n!. Then if p is the measure on Ok corresponding to h €
O g[[T — 1]], then for any nonnegative integer m we have a,,, @,, € Ok given by

U = /Z a™dp(a)  and oy = /Z px a™ dp(a) (2.3)

D
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(cf [12]). Furthermore we have ., = a,, — p™a}, where the a, € O are defined by (¥h)(e') =

> azt™/n!, where Dwork’s ¥ operator [5] is defined on Ok [[T — 1]] by

<WMH=§§jum. (2.4)

The Bernoulli polynomials B, (z) are defined by the generating function

te:l,‘t _ o0 tn
et — 1 _ZOBn(x)H7 (2‘5)

and for any primitive Dirichlet character x of conductor f the generalized Bernoulli polynomials

B, \(z) are defined by

f at 00 n

x(a)te . t
a=1 n=0

When the Dirichlet L-function defined by L(s,x) = > —, x(n)n~* for R(s) > 1 is analytically

continued to C, we have

L(1 = m,X) = ~ By (0)/m (2.7)

for all nonnegative integers m (cf. [9]). Its p-adic analogue is the Kubota-Leopoldt p-adic L-function
L, (s, x) ([9], [10]), which is the unique analytic function on ® = {s € C, : |s| < gp~"/(P=D} (except

for a simple pole at s = 1 when y = 1) for which

Ly(1=m,X) = —(1 = Xm(p)p™ ") Bm.x,, (0)/m (2.8)

for positive integers m, where the symbol y,, denotes the Dirichlet character yw™". The two-
variable p-adic L-function L,(s,t, x) defined by Fox in [7] generalizes this, being analytic for t € O
and s € D, except at s = 1 if x = 1, and its values at nonpositive integer values of s are given
by (1.1), which reduces to (2.8) when ¢ = 0. In its construction, based on the method of [9], a
function A, (s,t), analytic for s € D and ¢t € O, is defined so as to interpolate values of generalized

Bernoulli polynomials at nonnegative integer values of s, and then L,(s,t, x) is defined by

L,(s,t,x) = Ay(1 —s,t). (2.9)

s—1
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Our congruences are expressed in terms of the difference operator A, where ¢ is a nonnegative

integer, which operates on sequences {a,,} by
Aol = Qpge — Q. (2.10)

The powers A¥ of A, are defined by A% = identity and A¥ = A, 0 A¥=! for positive integers k, so

that

Ara, = zk: (k) (=) Tty e (2.11)

=0 M
for all nonnegative integers k. To define binomial coefficient operators (1]3) associated to an operator

D (cf. [8]), we write the binomial coefficient

()kg) _X(x -1 .k.!(x —k+1) (2.12)

for £ > 0 as a polynomial in X, and replace X by D.

3. CHARACTERS OF p-POWER CONDUCTOR.

X

Using a modification of a regularized Bernoulli measure on ZJ,

in this section we give an
integral representation for L,(s,t, x) in the case where the conductor of x is a power p. We recall
that Dwork’s shift map 2 — 2’ is defined [5] for 2 € Z,, by the relation p2'—2 = p, € {0,1,...,p—1},
so that yu, is the least nonnegative integer representative of the class of —z modulo pZ,.

THEOREM 3.1. Suppose that x is a primitive Dirichlet character whose conductor f is a power of

p. If © € Z, and b is any positive integer such that (b,p) = 1 and (b — 1)z = 0 (mod fZ,), then

the power series

f ab f a
B Con x(a)T o x(a)T
hb,2(T) = bx(b)T ( m) -7 ; TF-1

a=1
lies in Og[[T — 1], where K = Q,(x), and therefore the associated measure f1 = iy, iS an
O -valued measure on Zy. Then fori € Z,t € Z, and s € D we have

/zx W' (@) (@) iy pa(a) = (1= xw' (0)(0) 1) Ly(=5,t, xw)

P
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for any such b, with x = —qt.

REMARKS. The measure —pu 1 defined above is a regularized Bernoulli measure on Z;. For any
t € Z,, if b # 1 is chosen so that (b — 1)z = 0 (mod fZ,), the measure g, p . is an Og-valued
measure, so by writing z = —qt we can take this integral as defining for ¢ € ¢='Z,, a meromorphic
function of s, analytic for s # 1, which agrees with the function L,(s,t, xw®) defined by Fox if
t € Z,. When b can be chosen so that we also have yw(b) # 1, then this extended function will be
analytic for all s € D; this is indeed the case for all z € Z, when y = 1 and w® # 1, or when p = 2,
Y=w,w =1, and z € 2Z,.

Proof. We assume (b, p) = 1 and write h(T) = hy(T) = g(T)/(T* — 1), where
bf

f
g(T) = by (b)T="* (Z X(a)T“b> =T x(a)T* € Ok ([T - 1]]. (3.1)

a=1
If ¢/ =1, then

bf
9(¢) = bx (b)) (Zx cab> — (7Y x(a)¢

a=1

f f
=b (c—“‘ > x(ab)c = ¢ Zx(a)é‘“) (3:2)
f
= b = (Z x(a)C“) =0

provided that (b — 1)z = 0 (mod fZ,). For such integers b, this implies that 7/ — 1 divides ¢(T)
in Ox[[T — 1]]. Since T/ — 1 is also divisible by T/ — 1 in O[T — 1] and the quotient is a unit
in Og[[T — 1]]*, we see that hy ; , € Og[[T — 1]]. Therefore when (b — 1)z = 0 (mod fZ,), the

measure fi = fiyp . 18 an O g-valued measure, and by definition (2.1),

hT) = /Z T dp(a). (3.3)

Substituting 7" = €* and comparing coefficients of u™ /m! yields
= (pt! ,,_1%_/ ™ du(a). 3.4
m = (0" x(0) = 1) == o dpa) (3-4)

P

If x is nontrivial then x(a) = 0 whenever p divides a, and therefore ¥h,  , = 0 when z € pZ, (cf.

[13], eq. (4.8)). If x is the trivial character then

pTb(1—2) T(1-z)
hpe(T) = —5— = 7 (3.5)
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and therefore by ([13], Lemma 3.1) we have

bTb(l—x)' T(l—z‘)'
hy oy o(T) = _
Pl D) = =~ = 77

(3.6)

for any z € Z,. Using the identity (1 —z)' =1 — 2’ for any z € Z,, we have hy p » = X(P)hy b2

if either x =1 and 2 € Z,, or if x # 1 and = € pZ,. This means that

Bm . _ mBm _ !
Ay — pma; — (bm+1X(b) _ 1) +17X( .Z‘) X(p)p +LX( z ) :/ a™ d,u(a) (37)
m+ 1 ZX

D

if x=1and 2 € Zp, orif x # 1 and z € pZ,, when (b — 1)z € fZ,.
Now write # = —qt with ¢ € Z,, so that 2’ = —p~'qt. Then by comparing (3.7) with (1.1) we
have

[ dnta) = (= x @B Ly, ). (3.8)

This says that if s is a nonnegative integer congruent to ¢ — 1 modulo ¢(g), then

/Z o a){a) dp(a) = (1 -y () () Ly(—s, 1, x). (3.9)

As the p-adic I-transform of the measure w'~1u, the integral on the left is analytic for s € D (cf.
[11], Corollary 12.5). If t € Z, and xw® # 1, then L,(s,t, xw') is analytic for s € © by Theorem
3.13 in [7], so the right side of (3.9) is analytic in s, being the product of two analytic functions.
And if xw' = 1 then for all ¢ € Z,,

By -1

(1= xw' (B)(B) 1) Ly (=5, 1, ') = ( s+1

) A (s+1,8) (3.10)

is analytic for s € D, being the product of two analytic functions (cf. (2.9) above and Theorem
3.13 of [7]). Thus in any case both sides of (3.9) are analytic for s € D; since they agree on the set
{s€Z:5s>0,s=i—1 (mod ¢(q))}, their equality holds for all s € D.

This integral representation leads directly to the following congruences for the generalized
Bernoulli polynomials.
COROLLARY 3.2. Suppose that x is a nontrivial Dirichlet character whose conductor f is a power

of p. If ¢, k, m are any positive integers, then for all t € Z, N pq~* fZ,,

B,, t) — Xm m-lp “lgt 1
Af { oxn (1) — X (pgf 2 (P4 )} =0 (mod §qukDK)



and

_ m—1 -1
(pAc){Bm,Xm(qt) Xm (P)P" ™ B x, (P qt)}G%DK

k m
for any p € (cq)~'Z,.

Proof. By (1.1) we have L,(1 —m,t,x) = B «(t) for t € O, where (as in [7])

B (1) = — Dok (9t) = Xm (P)P™ " B xn (0™ qt) ; (3.11)

m

the stated congruences then involve values of f3,, ,(¢) for values of t € Z,. Let 2 = —qt with
t € pg~* fZ, and observe that —z' = p~'qt. Since we assume t € pg~2 fZ, we have (b—1)qt € fZ,
for any positive integer b with (b,p) = 1, so we choose b so that x(b) # 1 (mod ¢Z,) and (b) =1

(mod ¢*¢*Z,). Then writing

1= x(b)()™ = (1= x(b)) + x(b)(1 = (6)™) (3.12)

reveals that ord, (1 — x(b)(6)™*1) = ord, (1 — x(b)) = ord,2, and that (1 — x(b)(b)™) (mod c*¢*Z,)
is independent of m. So if pt = py p » is the O g-valued measure defined in Theorem 3.1, we get
(1= x(0)(B)™) ALBrm (1) = AZ{(1 = x(B)(D)™) Brm (1)}
= AH{(1 = Xx(B)(0)™) Ly(1 = m, t,x)}

_ A’j/zx o (@) {a)™ " dpu(a) (3.13)

= | w (@) (@) (@) = 1)" dp(a)

Iy

=0 (mod c*¢*O k),
since ()¢ =1 (mod cqZ,). Observing that ord, (1 — x(b)(b)") = ord,2 completes the proof of the

first part. The same reasoning shows that

1300 (7 )= [ o @i (7Y =0 o0, 314

since (}) € Z, when z € Z, and p({(a)° — 1) € Z, when p € (cq)~'Z,, from which the second
statement follows.
For the characters involved, this corollary gives a modest improvement of Theorem 4.10 and

Theorem 4.12 of [7] by relaxing its restriction on [¢| by a factor of ¢; for powers of w it improves
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Theorem 4.2 of [13] by removing the restriction that ¢(q) divides c. Putting ¢ = 0 and p = p~! for
powers of w reduces this result to [8], Theorem 3.1.

In ([13], Theorem 3.2) we used (3.7) above with x = 1 to prove that for any = € Z,,

m

Af { Bm(-f) - pm_le(;r’) } =0 (mod %qukzp)7 (3'15)

and

(p‘TAc) {Bm(x) —pm_le(f')} clz, (3.16)

k m 2
when p™" € (cq)~'Z,, under the additional hypotheses that ¢(q) divides ¢ but doesn’t divide m.

Using the identity B, 1(z) = (—1)"B,(—z) and (3.11), we observe that

B (1) = (1)t B @ = 2" B () (3.17)

m

where 2 = —qt with t € Z,. We would therefore like to be able to interpret the congruences (3.15),
(3.16) as congruences for values of L,(1 —m,t,w™).

In Theorem 3.1 we have observed that if y = 1, the power series h, ; , lies in Z,[[T — 1]] for
any z € Z, and any positive integer b with (b, p) = 1; this means that y; ; , is a Z,-valued measure
on Zy, and (3.7) is in fact valid for all z € Z, when x = 1. Therefore, if z = —qt with ¢t € ¢7'Z,,
we can take the integral

(1 —w'(b)(B)'=5)~! /ZX w =N a)(a) " duy pp(a) = L,(b, s,t,w") (3.18)
as defining a function L,(b,s,t,w?) which is equal to the function L,(s,t,w®) defined by Fox for
t € Z,. Weclaim that for ¢ € ¢~1Z,, this definition is independent of b. To show this, we observe that
the integral in (3.18) is analytic for s € D, being the p-adic [-transform of w*~'uy ;. Therefore
L,(b, s, t,w") is analytic for s € © if w' # 1, and (s — 1)L, (b, s,t,w?) is analytic for s € D if w® = 1.

By (3.7),

_Bst11(=2) = p*Bsgr,a (=)
s+ 1

L,(b, —s,t,w') = (3.19)

whenever s is a nonnegative integer congruent to i — 1 modulo ¢(¢). So if (b1,p) = (b2,p) = 1,
the functions (s — 1)L, (b1, s,t,w’) and (s — 1)L, (b2, s,t,w") are both analytic for s € D and agree
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on a set of s values having a limit point in ®, so they must be equal. Therefore we may omit the
parameter b and write L,(s,t,w?) for the function defined for all ¢ € ¢~'Z, by (3.18).

To give an indication that the extension defined by (3.18) is somewhat natural, we show that
for any s € D, L,(s,t,w') as a function of ¢ is in fact an analytic element of support ¢~'Z,, that
is, a uniform limit on that set of a sequence of rational functions which have no poles on that set.
THEOREM 3.3. Suppose that y = w' is a power of the Teichmiiller character. Then the function

L,(s,t,w) defined by

Ly(st,w') = (1~ wi(b)<b>1_5)_1/ W' N (a)(a) ™" dp (@),

Ty
where © = —qt and b is a positive integer such that (b,p) =1 and b # 1, is an analytic function of
s on® (except at s =1 ifw' = 1) for each t € ¢~ 'Z,, and is an analytic element in t on q~'Z, for

all s €D (except for s = 1 if w' = 1). Furthermore, for t € Z, we have

By, wi-m (qt) — wi—m (p)pm_le’wi—m (p_lqt)

Ly(1—m,t,0')=—
m

for all positive integers m, and fort € ¢~'Z, we have

mt1 Bm (2) = p™ "' By (2')
m

L,(1- m,t,wi) = (-1)

for all positive integers m =i (mod ¢(q)).

Proof. Aside from the claim that Lp(s,t,wi) is an analytic element in ¢, all the assertions of
the Theorem are immediate from the preceding comments. Let’s define the polynomial ¢(z) =
(z(z—=1)(z—=2)---(z—(p—1)))+2. It is easily observed that g(z) = 2? (mod pZ[z]), and ¢g(z) = z
if and only if z € {0,1,2,...,p — 1}. Now for any z € Z,, we have —z = p, (mod pZ,), and if
-z = p, (mod p"Z,) then g(—z) = p, (mod p"t'Z,), because ¢'(z) € pZ,[x]. Therefore, the
sequence of polynomials g(—z), g(—g(—2)), g(—g(—g(—z))),... converges uniformly to the function
T > ji; on Zy,; since ' = (2 + py)/p, the function z — 2’ is an analytic element on Z,. For any

positive integer m, by (2.3) we have

/ a” dp p s (a) = ap — pTay, (3.20)
Zy
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where h(e*) = a,u™/n! and (Yh)(e*) = > a’u™/n!, and h, h are given by (3.5), (3.6). We see
that a,, is a polynomial in z and a, is a polynomial in z’; so the integral in (3.20) represents an
analytic element in xz on Z, for any nonnegative integer m.

Now let s € . Since (a) =1 (mod ¢Z,) for all a € Z, the series (a)* = Y" () ((a) — 1)"

X

»» and therefore the sum

converges uniformly for ¢ € Z

oo

/ T ) et = )/ S @)~ 1) e (3.21)

converges uniformly in x on Z,, since p; 3 , is a Z,-valued measure for all z € Z,. For odd primes

p, we have w(a) = lim, a”” uniformly on Zy, and thus (a) = lim,_, a?=2r"+1 yniformly on

Z . Therefore, each integrand in the sum of integrals on the right side of (3.21) is a uniform limit

on Z, of a sequence of polynomials in a. We have just observed ((3.20) and remarks following) that

the integral with respect to 13 . of any polynomial in a is an analytic element in z on Z,, so each

integral on the right of (3.21) is an analytic element in 2 on Z,. Thus the integral on the left in

(3.21) is a uniformly convergent sum on Z, of analytic elements on Z,, and is therefore an analytic

element in z on Z,. Putting = —qt, the integral is an analytic element in ¢ on ¢~'Z,, proving the

theorem. When p = 2, we modify the argument by observing that w(a) = lim, ., 1 =2((a—1)/2)%

uniformly on Z5 and {(a) = a - w(a) when p = 2.
4. CHARACTERS NOT OF p-POWER CONDUCTOR.

If y is a Dirichlet character whose conductor f is not a power of p, there is no need to use

a “regularized” measure to express L,(s,t,x) as a p-adic I-transform. Here again we work with
O -valued measures on Z,, where K = Q,(x), which are constructed directly from y.

THEOREM 4.1. Suppose that x is a primitive Dirichlet character whose conductor f is not a power

of p. Then for all t € Z, and all s € © we have

/Zx w™(a)(a)® du(a) = —L,(—s,t, yo™ ")

for any integer m, where = p ; is the O -valued measure on Z, corresponding to the power
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series

a+qt
h?) = Y X

REMARK. As in Theorem 3.1, the measure u, ; is an Dg-valued measure even for ¢ € pg~'Z,,

and we can therefore take these integrals as defining analytic functions of s which for p = 2 extend

the domain of Ljy(s,t, xw™%!) to include ¢ € %Zg, which agree with the function Ly (s,, yw™*?!)

defined by Fox when ¢t € Z,. This will be further explored in §5.

Proof. In ([13], Theorem 4.1) it is verified that for any t € Z, we have h = h, ;+ € Og[[T —1]], and

therefore by definition (2.1),

W(T) = /Z 7% dju(a). (4.1)

P

Substituting 7" = e* and comparing coefficients of u™ /m! yields

B, t
Ay = Bunt1xlat) = / a™ du(a). (4.2)
m + 1 Ty
Then since
S at+p gt
x(ap)T*rr
Vvh(T) = R 4.
(cf. [13], eqs. (4.4), (2.15)), we obtain
Br1.x(4t) = x(P)P" Bt 1,x (P gt) /
m = p"ay, = : = " d : 4.4
T o e px.(a) (44)
Comparing with (1.1), we have
[ dnla) = ~Ly(-mtpwm . (4.5)
Zy

This says that if s is a nonnegative integer congruent to m modulo ¢(g), then

[ e @ @ dunla) = =Ly (=5t ™). (4.6)

As the p-adic [-transform of the measure w™y, the integral on the left is analytic for s € © ([11],
Corollary 12.5); by ([7], Theorem 3.13), the L-function on the right is also analytic for s € ®. Since
both sides are analytic and they agree on the set {s € Z: s > 0,s =m (mod ¢(q))}, their equality

holds for all s € D.
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The following system of congruences, whose proof is easier than that of Corollary 3.2 due to
the absence of the regularizing factor, follows directly from this theorem.
COROLLARY 4.2. Suppose that x is a primitive Dirichlet character whose conductor f is not a

power of p. If ¢, k, m are any positive integers then for all t € Z,,

B,, = Xm m=lp . (p~lqt
Af{ o (71) = X (pzr]: 2 (P q)} =0 (mod cquDK)

and

_ m—1 -1
(pAc) {Bm,Xm(qt) Xm (P)P™ "' Bon y,, (P qt)} € Ox

k m
for any p € (cq)~Z,.

For the characters involved this corollary improves Theorem 4.10 and Theorem 4.12 of [7] by
relaxing the restriction on |¢| by a factor of pg=! Iy, where Iy = lem(f, ¢), and it improves Theorem
4.2 of [13] by removing the restriction that ¢(q) divides c.

By means of the isomorphism Ay~ — Ok[[T" - 1]] we can express Ly(s,t, x) as an integral
with respect to the measure p, o for all t € O.

COROLLARY 4.3. If y is a primitive Dirichlet character whose conductor f is not a power of p,

then for any t € Z,,
Foxt = M0 % Oqr I Ay

where &,; is the Dirac measure at gt and * denotes convolution of measures. Consequently, for

teD,se®, and m € Z we have

/ W™ (a)(a+qt)* dpyo(a) = =Ly (=s,t, xw™ ).
Zy

Proof. Clearly hy +(T) = hyo(T) - T in Og[[T — 1]]; since this ring is isomorphic to the ring Ay
under addition and convolution, the first statement follows by noting that under this isomorphism
ho t(T) = piy ¢+ and Tt — dq¢. Therefore from Theorem 4.1, for ¢t € Z, we have
“Lystow™ ) = [ e @) dia s B @ = [ o @at g dioa) (@)
ZX

X
P ZP

13



By observing that (a + qt)* = (a)*(1+ a~'qt)*, the integral on the right can be expressed as

/ZZ w™(a)(a + q1)* dpy0(a) = i (z) (qt)’“/ w™(a)a*(a)® dpuy o(a)

— }2 (2) (qt)k/zg W™ (@) (a)*F dpuy o (a) (48)

which clearly shows that for any s € © the integral on the right in (4.7) is analytic in ¢ for £ € O.
Since both sides of (4.7) are analytic for ¢ € O and they agree for t € Z,, they must be equal for
all t € ©.

We now show how this corollary can be used to express the partial derivative with respect to s
of L,(s,t,x) at s = 0 in terms of p-adic special functions, generalizing formulas of Diamond [4] and
Ferrero-Greenberg [6]. We recall [9] that the Iwasawa p-adic logarithm function log, : C — C, is

the unique function on CX such that log, (z) = Y72, (=1)"(z — 1)"/n for [z — 1] < 1, log,(zy) =

n=1
log,(z) +1log,(y) for all z,y € C;, and log,(p) = 0. Morita’s p-adic gamma function T', : Z, = Z)

is the unique continuous function on Z, satisfying I',(0) = 1 and

Cp(n) = (<1)" T 4 (19)
s

for all positive integers n (cf. [5], Ch. 21). Diamond’s p-adic log gamma function G, (not equal to

log, I',) is defined [3] for z € C, \ Z,, by
p -1
Gp(z) = lim Y (2 +j)(log,(x + j) - 1). (4.10)

r—o00 £
J=0

Diamond’s formula ([4], Theorem 8) for L} (0, x) reads

pf-1
E00 = X ni @Gy (5 ) = L4000 08, (1) (4.11)

pfa

for any primitive Dirichlet character x such that x; has conductor f; when (f,p) = 1 this is

equivalent to the formula

F-1
500 = Y (el og, Ty (%) = 1,00, o, (1) (1.12)

a=1
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of Ferrero and Greenberg ([6], Proposition 1). The agreement between these formulas can be

established by means of the relation, for z € Z,,

Pl T+
log, I'y(z) = G, p (4.13)
1=0
z+i€7ZX

(cf. [6]). For positive integers k, Diamond ([4], Theorem 3, Theorem 5) also showed that

_p pf-1 a
Ly(k, xx) = % Z: x1(a)GP (p—f) (4.14)
Vi

(with the obvious exception that k # 1 if x; = 1); again, if the conductor f of x; is coprime to p

this is equivalent by (4.13) to

-k -1
Ly(k, xk) k 1)' le )(log, T, ) (%) (%) . (4.15)

THEOREM 4.4. If y is a primitive Dirichlet character such that the conductor f of i is not a

power of p, then for any t € 9,

an = +qt
o Lo(0:1,X) = ZXl ( i )—Lp(O,X)logp(f)-

Ma

If (f,p) =1 and t € Z, this is equivalent to

8 t
a 07t7X ZXI 10gp (%) - Lp(O7X) logp(f)

Proof. By Corollary 4.3,

J 0
Selals,t) = =5 [ w7 @t gty dufa)
0s Os 7%
” (4.16)
= [, o @a+ )~ log, o+ at) du(o),
Zy
where p = 1y o, which shows that in particular
o .
L1000 = [ w7 (@) log,da+ at) diu(a) (4.17)
ZX

P

15



Since (a+ qt) = (a)(14+a~'qt) for all « € ZX and all t € O, by Theorem 4.1, (4.11), and (4.14) we

have
o0 avk+1
%Lp(o,t,x)z/zg w™!(a) log,(a) du(a)+;( 1; (qt)k/Z; w™ (a)a™" dp(a)
=500+ Y. St [ o @ aduta)
= 10,0+ 3 E @ L k)
pf—1 ) a
= Z x1(a)Gyp (p_f) = Lp(0,x) log, (f)
4 (4.18)
T B YA
+; Pl COMN BTy 2::1 xi(a)GY (p—f)
pfa
pf=1 oo G(k)(i) k
B P i qt
=Yy (£) - a0 108,00
pfa
pf—1
= Z x1(a)Gy (a;fqt) = L(0,x) log,(f),
7

using the fact that G, is locally analytic on C, \ Z, (cf. [3]). The second statement then follows
from (4.13).
In ([7], Theorem 4.5), Fox proved that for all characters y, the L-function has an expansion
o0 —s o

Ly(s,t,x) = Z:O (m) (gt)™Ly(s+ m, Xm) (4.19)
valid for t € O and s € ©. (We derived this formula for characters xy whose conductor is not a
power of p in (4.7), (4.8)). This result directly implies a generalization of Diamond’s formula (4.14).
THEOREM 4.5. Let x be a primitive Dirichlet character such that y; has conductor f, and let k

be any positive integer. Then, with the obvious exception that k # 1 if x; = 1, for all s € © and

t € O we have

_p pf-1 a
Lk, b, x5) = % 3 v (@G ( +qt> .

a=1
pfa
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If (f,p) =1 and t € Z, this is equivalent to

-k f1

(k7t7Xk k 1)' ZXl logp ) ( f .

Proof. Using (4.19) and (4.14) we compute

oo

Lottt = Y () a0 Ly 0+, )

m=0

i i (;f) P S et (1)

m=0 a=1

pfa

_g pf-1 %S " m G;}H’m) (L)
Ma

_k pf-1
a—l—qt)
X )
(k-1 Z ! ( pf
Ma

(4.20)

using the local analyticity of Gg)k) on C, \ Z,. The second statement then follows from (4.13).
5. EXTENDING L,(s,t,x) WHEN p = 2.

In this last section we describe how Lj(s,t, x) may be extended via the 2-adic I'-transform
tot € %Zg, when the character y is not of the second kind. The extension is not unique, as it is
analytic in ¢ only on O, but is sufficient to imply congruences which complement those of Corollary
3.2 and Corollary 4.2 of this paper, and generalize Theorem 4.2 of [13]. We say that a Dirichlet
character y is a character of the first kind if either f = d or f = dq with (d,p) = 1; we say that x
is a character of the second kind if either f = 1 or f = gp® with e > 1.

THEOREM 5.1. Let p = 2, and let x be a Dirichlet character which is not of the second kind. Then
there exists a function Ly(s,t, x) which is an analytic function of s on © for each t € %Zg, and is

an analytic element in t on %Zg for all s € D, and such that for any positive integer m,

B (4) = Xm (2)2™ 7' B ., (21)

Ly(1 —=m,t,x) = — -

for all t € Z,, and

B (4) = Xm (2)2" "' B ., (21)

m

L2(1 - m7t7X) = (_1)m
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for all t € 175
Proof. Suppose first that x = w, and define Ly(s,#,w), as in Theorems 3.1 and 3.3, by

[0 s a() = (1= o)) a5 ), (5.1)

2

where b is a fixed positive integer congruent to —1 modulo 4, and z = —4f. Then Ly(s,t,w) is
analytic for s € © for any ¢ € %Zg, and for t € Z5 has the indicated value at s = 1 — m for positive
integers m. Furthermore, since (a)® = a* for all @ € ZJ if s is an even positive integer, by (3.7)
the function Ly(s,t,w’) also has the indicated value at s = 1 — m when ¢ € 1ZJ and m is odd.
So to complete the verification of the formula in this case we must compute L3 (1 — m,,w) when
t € 17 and m is even.

Using the identity w(a) = (—i/2)i* + (1/2)(—1)* for all @ € Z,, where ¢ denotes a fixed square

root of —1, we have

/Z2 w(a)T"dp pz(a) = (=1/2)h1 b5 (1T) + (1/2) by p o (—1T). (5.2)

Now we assume t € 375, so that # = —4¢ € 2Zj \ 4Z; therefore w(a — z) = —w(a) for any a € Z,.

Then writing
bTb(l—z’) Tl-2

pe(M) = 5~ 73 (5.3)
4 4 5.3
Tb(a—x) Ta-z
:bZT%_l _ZT4_17
a=1 a=1
we find
/ w(a)Tdpy bz (a) = (=1/2)h1 p o (1T) + (¢/2) by p 5 (—1T)
I
w(b(a — z))TH=7) ! wla—az)T*"
> 53
a=1 T4b —1 a=1 T4 —1 (54)
w(a)The=2) ! w(a)T—*
= -t Y AR+ S SR
= —hyp(T).

As observed in Theorem 3.1, ¥h,, p » = 0 because x € 2Zy; therefore,

/% ST dp o) = [ AT ol
= [ T s, "

2
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and substituting 7" = e* in (5.5) and comparing coefficients of u™ /m! gives

Léxwggw”m“¢wm):-i/ amduM@Aa):—{UMJw@)—])Emiﬁdifl (5.6)

Z; m

for any positive integer m. Since w(a)a™ = (¢)™ and 6™ = (b)) when m is an odd integer,

(5.6) says that

| @ dusata) = - [ o dpsata)
Zy Zy

— (_1)m+1(1 _ X(b)<b>m+1)Bm+1yxm+1(4t) B Xm+1(2)2mBm+1,xm+1(2t)

m
when y = w, x = —4t € 2Zy \ 4Z,, and m is an odd positive integer. This proves the formula for

(5.7)

Y = w.
Now if y is a primitive Dirichlet character whose conductor f is not a power of 2, then we
define
[ (@) i) = ~La(=s..%) (5.5)
5
fort € %Zg, with fiye ¢ as in Theorem 4.1. As in the case just considered, Ly(s, ¢, x) is analytic for
s € ® for any such ¢, and has the indicated value at s = 1 — m whenever ¢t € Z, or when m is odd.
By definition of iy, ¢, we have
xw(a)Totet =l xw(a) T+t

f
T iy, 1(a) = hyo o(T) = S AU 7 N XRT 7 .
[T o) = ) S — (59)

a=1 a=1
where f is the conductor of xyw. Then since w(a) = (—i/2)i* 4 (i/2)(—1)* for all a € Z,, we get

Ta+qt

A(ﬁ@w ZWWL1 (5.10)

for t € 1Z%, invoking the identity w(a + ¢qt) = —w(a) for such t. Applying the ¢ operator to both
252 & g the ¢

sides of (5.10) gives

Ta+qt

/ZX (@) T dpixui(a Z el T4f = —phy(T), (5.11)

2

ao_dd
since yw(a)w(a) = x(a) for odd integers a. Substituting 7" = e* and comparing coefficients of

u™ /m! gives

[ et dista) = = [ am dta) = - Pt CIZXEZ a5 1y

m
2 2
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for any positive integer m when ¢t € %Z; So if m is odd we have

Bm+17Xm+1 (4t) — Xm+1 (Q)QmBm+17Xm+1 (Qt)

[ (@™ i ita) = (1" SENCRE)

m

proving the formula.

In either case, Ly(s,t,w) can be shown to be an analytic element in ¢ on %ZQ by the same
argument used in the proof of Theorem 3.3. This completes the proof of this theorem.

It will be observed that the function described in this theorem is not canonical; indeed, instead

of (5.1) we could have defined a function Ly(s,t,w) by

/ZX wl(a){a)’ dpyp(a) = (1 - w(b)<b>5+1)ig(—s,t,w), (5.14)

and instead of (5.8) we could have defined

/ZX w(a)(a)® duy i(a) = —La(—s,t,x) (5.15)

for characters x whose conductor is not a power of 2. While these agree with (5.1), (5.8) for ¢t € Z,,
they differ from (5.1), (5.8) in sign for ¢ € $Zj. That is, Ly(s,t,x) = Ly(s,t,x) when t € Zy but
Lay(s,t, x) = —L, (s,t,x) when t € %Z; The definition (5.1), however, coincides with Theorem 3.3
wherein Lj(s,t,w) was defined on }Z,.

We conclude by stating the congruences for the generalized Bernoulli polynomials which follow
directly from this theorem.
COROLLARY 5.2. Let p = 2, let x be a Dirichlet character which is not of the second kind, and let

te %ZQX Then for any positive integers ¢, k, and m,

By (4t) — xm (2)277'B,, . (2t 1
Ak (_1)m 7,«\m( ) X ( ) 7Xm( ) =0 (HlOd _4kckDK)
¢ m 2

and

k m

(pAC> {(_1)mBm7xm (41) = xm (2)2™ " By, (Qt)} c %DK

for any p € (4¢)™'Z,.
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When ¢ is even, this result is covered by ([13], Theorem 4.2); indeed the factor of (—1)™ in the
terms of the congruences was invisible to that theorem because of its assumption that ¢ was even.
When y # w the factor of 1/2 in the moduli of the congruences may be omitted; this factor arises

from the 2-ordinal of the regularizing factor, as in the proof of Corollary 3.2.
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