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Consider a Gauss sum for a finite field of characteristic p, where p is an odd prime. When
such a sum (or a product of such sums) is a p-adic integer we show how it can be realized
as a p-adic limit of a sequence of multinomial coefficients. As an application we generalize
some congruences of Hahn and Lee to exhibit p-adic limit formulae, in terms of multinomial
coefficients, for certain algebraic integers in imaginary quadratic fields related to the splitting
of rational primes. We also give an example illustrating how such congruences arise from a
p-integral formal group law attached to the p-adic unit part of a product of Gauss sums.
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1. INTRODUCTION.

Suppose p is an odd prime of the form p = ¢tn + r which splits in the imaginary quadratic
field Q(v/—t). Stickelberger [16] proved that if ¢ ¢ {3,4,8} and —¢ is a fundamental discriminant
then there are integers a, b such that 4p* = a® + tb2, where h is the class number of Q(v/=1). A
classical problem is to characterize the integer @ by congruence conditions. In the case where ¢ is
a prime, eight times a prime, or four times a prime of the form 4m + 1, Lee and Hahn [15] used
certain products of Gauss sums to determine ¢ modulo ¢ and express @ modulo p as a product
of binomial coefficients; in the case h = 1 these congruences already determine a exactly. In this
paper we show how, since Q(v/—t) C Q, if and only if p splits in Q(v/—t), such congruences may be
extended to p-adic limit formulae for products of Gauss sums, and thus for the integer a, in terms
of multinomial coefficients.

Early congruence results on this problem for » = 1 are due to Gauss [7] for ¢ = 4 and to
Jacobi [12], [13] for t = 3,7, 8, along with later generalizations due to Hudson and Williams [11],
Chowla, Dwork, and Evans [3], Coster [5], and Yeung [19]. These results all follow from calculations
involving Jacobi sums over the prime field F,. Eisenstein [6] introduced Jacobi sums over F,2 and
F,s in order to treat the cases p = 8n + 3, Tn 4 2, and 7n + 4, and indicated that these results
could also be obtained using elliptic functions; see [1] for an account of how Eisenstein might have

known this. One expects that such a connection to elliptic functions should in fact give rise to a



system of congruences for those Jacobi sums. In ([20], Theorem 2.2, Corollary 2.3) we gave systems
of congruences implying p-adic limit formulae for Jacobi sums over arbitrary finite fields in terms

of multinomial coefficients, which may be applied to this question.

Hahn and Lee [9] and Lee and Hahn [14] used Gauss sums over extensions of the prime field
to obtain general congruences modulo p in certain cases where r generates a subgroup of index
two in (Z/tZ)*. In [15] they relaxed this restriction on r by considering suitable products of such
Gauss sums. In the present paper we observe that these particular products of Gauss sums are in
fact Z,-valued and therefore independent of the additive character, and that they may therefore

be expressed as limits of multinomial coefficients by the methods of [20].

The s = 1 case of our congruences in Sections 3 and 4 imply the mod p congruences of [9],
[14], [15]. While the congruences of [9], [14], [15] involve only the p-adic unit part of the associated
Gauss sums, the multinomial coefficients of our congruences naturally express the p-adic ordinal of
the Gauss sums, as well as their unit part. In Section 5 we consider the t = 7 example and adapt
the method to isolate the p-adic unit part of the Gauss sums as a limit of products of binomial
coefficients, extending the results given in the tables of [15]. In fact the congruences we give there
provide an ad hoc construction of the invariant differential on a p-integral formal group law attached
to the p-adic unit part of these Gauss sums. In light of the historical hypothesis of [1], it would be

of interest to know how this differential might be related to elliptic functions.

2. NOTATIONS AND PRELIMINARIES.

Throughout this paper p will denote an odd prime, F, the finite field of ¢ = p/ elements, Z,
the ring of p-adic integers, Q, the field of p-adic numbers, and for any positive integer n, ¢, will
denote a fixed primitive n-th root of unity in some extension of Q,. We let 7 be a fixed solution in
the ring of integers of Q,(¢,) to 771 = —p chosen so that (, =1+ 7 (mod (7?)).

The Dwork shift map a — o' on Q(Z, is defined by requiring that pa’ — a = p, €

{0,1,2,...,p—1}. We write o!® = @, and o) = (al'=1))" for i > 0; we also will write ,u(ai) for ) -

It follows that the u(ai) are the digits in the p-adic expansion of —a, that is, —a = Y= ,u(ai)pi. It
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is easy to verify that this map is well-defined and continuous; that a(?) = 0 for some i if and only
if o is zero or a negative integer; and that alf) = « if and only if « is a rational number in [0, 1]
with denominator dividing ¢ — 1.

The Morita p-adic gamma function I', is defined for positive integers n by

rym)=(-1)" I 4 (2.1)

0<j<n
pfi

X

»» Which is Lipschitz with constant 1, and

and extends to a continuous function I', : Z, — Z

satisfies the functional equations of translation and reflection

et ) = —zlp(z), = €Z), (2.2)
' Tye), @€y |
Ty(2)Tp(1—2) = —(~1)", =z €Z, (2.3)

Let ¢ : F, — Q,(¢,)* be the additive character on F, defined by ¥(£) = ¢}, and let ¢ : F, —
Q,(¢p)* denote the additive character on F, defined by ¥ ¢(t) = ¥ (Tr(t)), where Tr: F, — F, is the
trace map. The Teichmiiller character wy : FyY — Q,((,—1)* is the unique multiplicative character
on [ such that, for all £ € F, the image of wy(t) in the residue-class field of Q,(¢,—1) is t.

Fora e Z,0 <a< g—1, the Gauss sum g(w;“) over F, associated to the characters 7y and

w;“ is defined by

gWi") = = Y st ). (2.4)

teFy

By definition g(w7®) is a priori an algebraic integer in Q((p,(;-1) and depends on the choice of (.

The Gross-Koblitz formula [8] states that

g7 =7 I 1y, (23)

where o = a/(¢ — 1) and S(a) denotes the sum of the digits in the base p expansion of a. From

this it is clear that g(w;“) € Z, if and only if @ is a multiple of p — 1, and in this case g(w;“) is

independent of the choice of additive character (that is, independent of the choice of {, and 7).
In ([20], Lemma 2.1) we proved the following lemma, which will be used in section 3 to relate

Z,valued Gauss sums to multinomial coefficients via (2.5).
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LEMMA 2.1. Suppose my, ..., ms are nonnegative integers and write m; = k;p + [; with each
l; €{0,1,..,p—1};set m=my +---+mg, k =k +---+ks,andl =1, +---+ ;. Let ¢ be a

nonnegative integer and set § = [(I +¢)/p]. Then

(m4e)lk!l- kgt (—p)? Ly(=mq) - -Tp(—my)
(+8)!my!--mg! P Ly(—m—¢) '

Suppose that t > 4 is a positive integer and —t is a fundamental discriminant. We identify
the Galois group Gal(Q({:)/Q) with G = (Z/tZ)* and let H be the subgroup of G corresponding
to Gal(Q(¢:)/Q(v/—t)); observe that H is a subgroup of index two in GG that does not contain —1.

Define the sums

c:% p? d:% PR (2.6)

0<i<t 0<i<t

i€H —i€H
Then ¢ and d are integers (if £ # 8) such that the class number A of Q(y/—t) is equal to d—c (cf. ([4],
Cor. 5.3.13)). Suppose that p = tn + r is an odd prime with r € H, and let R = {¢1,...,¢,} C H
be a complete set of coset representatives of H/(r). According to Lee and Hahn ([15], Lemma 2.1),

if fis the order of r in G and ¢ = p/, then the products of Gauss sums

g g
H _Ck q—1) /t) and Hg(w;k(q_l)/t) (2.7)

are independent of the choice of R and lie in Q(y/—t). For certain values of ¢ (see §4) these products

are related to the representation of 4p” by binary quadratic forms.
3. CONGRUENCES FOR (GAUSS SUMS.

We first give an explicit formula which expresses any Z,-valued Gauss sum as a p-adic limit of
ratios of multinomial coefficients.
THEOREM 3.1. Suppose 0 < a < ¢—1 and a is a multiple of p—1, and define ¢ = S(a)/(p—1). Define
a=a/(q—1) and for0 <i < f—1 and s > 0 define the nonnegative integer i) = pPalits) — (i)

and put ng = Ez 0 nsv Then for all s > 0 we have the congruence

ns+ ¢
n(so),...,n(sf_l),c

ns—1+c¢
ngo—)h teey n(sji_11)7 c

1l

g(wy®) (mod Pt Z,).
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If in addition we have ¢ < p then for all s > 0 we also have

( O (f—l))
Mgy ey Mg . i
. =g(w;") (modp 7).

Proof. Recall that al/) = o and u(af) = lts, and observe that —n(si) = ali) (mod p*Z,) for all 7, s.

We compute

f-1 f=1s-1
n= ol = O3 sy
=0 =0 =0
b i N e N (3.1)
=3P pFN =N (p—1)e
7=0 i=0 7=0
=c(p®-1),

and therefore ng+c = ¢p® = 0 (mod p*). Since I',(0) = 1 and I',, is Lipschitz with constant 1, from

the Gross-Koblitz formula we obtain

(3.2)

cHzfz_l r _ngZ) cts
= (—p) 9 P ) (mod p“**Z,).

(9)

Applying Lemma 2.1 with m; = nl (4) (4)

, we have k; = n,’; and [; = uai , and taking e = § = ¢, we

find that the latter member of this congruence is precisely

ns+c
n(so), ...,n(sf_l),c
(3.3)

ns—1+c¢ 7
ni‘o—)h ey ng{_ll)7 c

which completes the proof of the first statement. For the second statement, observe that

n5+C (U
n nl Y e _ n® ey ﬁ( cpt — ) (3.4

ns—1+c¢ N Ns—1 j=0
iy nS ) Y

Comparing (3.2) and (3.3) shows that the left side of (3.4) has p-adic ordinal ¢, and if ¢ < p the

product factor on the right is congruent to p modulo p*, so

( (0) e (Jg 1) ) ( (0) e (f 1))
Ng 4.y Ms 4 C Mg yueey My ot s
(mod p°t°Z,), (3.5)

p .
ns—1+¢ Ns—1
(ngo—)lv-“vng{_ll)7c) (ngo—)lvvn(s{_ll))
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proving the second statement.

This proof may be modified to accomodate Z,-valued products of Gauss sums. We now give
two such modifications of Theorem 3.1 which apply to the Z,-valued products of Gauss sums used
by Lee and Hahn in [15]. We suppose p is an odd prime of the form p = ¢tn + r as described in
section 2 and fix a set R = {cy,...,¢,} C H of coset representatives of H/(r). While the individual
Gauss sums appearing in (2.7) are not themselves Z,-valued in general, their product is Z,-valued
and can be expressed as a p-adic limit of ratios of multinomial coefficients.

THEOREM 3.2. Let p = tn + r be an odd prime and let f be the order of r in (Z/tZ)*. With
notations as in Section 2, write H = {by,...,bs,}, set 3; = b;/t, and define the nonnegative integer
nys = psﬁl(s) —pyfor1 <1< fgands>0. Let ng = Elf:gl ny,s and define ¢ as in (2.6). Then for

all s > 0 we have the congruence

(o)
g
et = [T (modpt,)

ns_1+¢
Nl,s=1y-+sNfg5-1,C

If in addition we have ¢ < p then for all s > 0 we also have

g
s tins) 2 [ o 0 (o)

p .
Ns—1
Nl,s—1yMNfgs—1

Proof. By the Gross-Koblitz formula (2.5) we have

f-1

9 9 ]
[T RO EL N | B | RCO! (3.6)

=1 =0

ko

where S = Y7_, S(cx(q — 1)/t) and ay = ¢/t for k = 1,...,g. Observe that if & = so/t with
0 < so <t then o = s/t with 0 < 57 <t and rs; = sp (mod ¢). It follows that for £ =1,..., ¢ the
set {ayg, o, ...,agcf_l)} is equal to {so/t,...,sp_1/t} where {sq,...,s7_1} is precisely equal to the
coset ¢ (r) in H/(r). Since {ecq, ..., ¢y} is a complete set of coset representatives of H/(r) and each

element of H is in exactly one such coset, the product of I', factors in (3.6) is precisely

g f-1 ) Iy
[TTIr @) =TTr 0. (3.7)



Now write —ay, = 372 Ou(ak)p] and set ay = (¢ — 1oy = E uak)pf Any b; € H lies in
(i)

precisely one coset cx(r) and 3; = a).’ for that value of k and precisely one i, 0 < i < f —1; for

these 7, k we have — 3, = E] 0 ,u(cf:'])pj and n;, = 25:1 M(H_])p] for all s > 0. Therefore for any

7=0
s>0
-1s-1
Z nys = Hoy Z+]
biEc (r) =0 j=0 (3.8)
s—1 f 1 -1
= pliFd = ZPJS ax) ——S(ax)
]:0 =0

Taking s = f in (3.8) gives

> (0= 1pi=T5 () (3.9)

and therefore
S=> Sla)=(p-1)>_ h=(p-1c (3.10)

where ¢ is as in (2.6). Then for any s > 0 we have

=) .= Z Y oom 115 =c(p® - 1), (3.11)

beH k= lbleck<7>

so ng+c=cp® =0 (mod p*). Therefore
T T (8)

Ug(w;%(q_l)/t) (_p) Fp(())
k=1 [T () (3.12)
(TR (mod ),

and the stated congruences may now be obtained by application of Lemma 2.1, precisely as in
Theorem 3.1.

We remark that in (2.6) we certainly have ¢,d < p when p = tn+ r with n > 0, so the second
form of the congruences always holds in that case. We also recall that —1 ¢ H by definition, and
therefore —H = G\ H. An identical argument produces the following congruence for the other
product in (2.7).

THEOREM 3.3. Let p = tn + r be an odd prime and let f be the order of r in (Z/tZ)*. With

notations as in Section 2, write —H = {d4, ..., ds,}, set &, = d;/t, and define the nonnegative integer
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mys = p55l(5) — & for1 <1< fgands>0. Let mg = Elfzgl my,s and define d as in (2.6). Then for

all s > 0 we have the congruence

my,sy ey mfg,57

( Ms— +d

Mys—1syMfgs-1, d

e e

If in addition we have d < p then for all s > 0 we also have

(o)
» my1,sy-eyMyfg.s Hg (g=1) /t (modpd+SZp).
ms—1
(ml,s—h teey mfg,s—l )
It will be observed that when r has order f = ¢(¢)/2 in G we have ¢ = 1 and the results of

Theorems 3.2 and 3.3 are covered by Theorem 3.1. This is the case first considered in [9], [14].
4. APPLICATION TO THE SPLITTING OF RATIONAL PRIMES.

In this section we will relate our congruences to the splitting of rational primes following the
work of Lee and Hahn [14], [15] and Hahn and Lee [9]. For this we consider odd primes p of the
form p = tn + r, where p splits in Q(y/—¢), and ¢ is of one of the three forms

(1) t =k > 3 for a prime k = 3 (mod 4);

(2) t = 4k for a prime £ =1 (mod 4);

(3) t = 8k for any odd prime k.

For such values of ¢, we observe that —¢ is a fundamental discriminant for which p splits in Q(v/—?)
if and only if r € H. We define the integers ¢ and d by (2.6) and let h = d — ¢ denote the class
number of Q(y/—t). All other notation is the same as in Theorems 3.2 and 3.3.

THEOREM 4.1. Suppose k > 3 is a prime, k = 3 (mod 4), and p = kn + r is an odd prime which

splits in Q(v/—k). Then 4p" = a® 4 kb*> where

( TL5+C ) ( ms d )
e Sy Fg,83 Sy 5y ¥ 1 Z
n17 ’I”ng7 C ”117 'rn/fg7 d ( s )

ns—1+c¢ Mms—1 + d
Nl,s—1yNfgs-1,C 'rnl,s—lw'wmfg,s—hd

2
Il
3

for all s > 0.



Proof. Under the stated hypotheses Hahn and Lee ([15], Theorem 3.1) showed that

ﬁg(wic"(q_”/t) =7 (7a+b\/__k) (4.1)

2
k=1

and

}i[lg(w?(q_””) =7 (L (;‘/__k> (4.2)

where 4ph = a?® + kb®. Tt follows from Theorems 3.2 and 3.3 above that

( ns+c
a+ bv/—k Ny 5y -y Nfg sy C
° = : : dp™°z, 4.
e R I
Nl,5—1yMNfgs-1,C
and
( ms+d
a—bv—k M5y eeey M fg s, 0 J
¢ = ’ ’ d p*ts7 4.4
() e,
m1,5—17-"7mfg,s—17d

for all s > 0, yielding the stated result.

By the remark following Theorem 3.2 the statement of Theorem 4.1 applies also to the second
form of the congruences of Theorems 3.2, 3.3 when n > 0. The next two theorems similarly follow
from Theorems 3.2 and 3.3 and ([15], Theorems 4.1, 5.1).

THEOREM 4.2. Suppose k is a prime, k = 1 (mod 4), and p = 4kn+r is an odd prime which splits

in Q(v/—k). Then p" = a® + kb* where

ns+c me+d
—c N5y Mfg,5 C T M5, Mg s d

ns—1+¢ Ms—1 ‘l‘d
N1s=1y-+sNfgs—1,C Tn/l,s—lw'w’rnfg,s—hd

20 =1p (mod p*Z,)

for all s > 0.

THEOREM 4.3. Suppose k is an odd prime and p = 8kn + r is an odd prime which splits in

Q(v/~=2k). Then p" = a* + 2kb? where

ns+c me+d
—c N5y Mfg,5 C T M5, Mg s d

ns—1+¢ Ms—1 ‘l‘d
N1s=1y-+sNfgs—1,C Tn/l,s—lw'w’rnfg,s—hd

9

20 =7p

(mod p*Z,)



for all s > 0.
5. THE cAsE t =1T.

In this section we give an example to show how the tables of congruences for binomial coef-
ficients modulo p in [15] may be extended to arbitrary powers of p, revealing their connection to
differentials on formal group laws. M. Coster [5] gave several similar congruences in the case where
r=1and t =2,3,4,6 using Jacobi sums over F,,.

THEOREM 5.1. Define a sequence of integers {an}%—, by
G3F, N =TE+1,
-3, N =Tk+2,

CEFY, N =Tk 4,

0, otherwise.
Suppose p = Tn + r is an odd prime with r € H = {1,2,4} and write 4p = a*> 4 7b* for integers a,

b. Then for any positive integers m, s with m = 1,2, or 4 (mod 7), we have

U ps a+by/—7

P = 5 (mod p°Zy).

ps—l
Proof. If r =1 then f=1,9g=3 and R = H, and if r = 2 or 4 then f = 3 and g = 1. In either
case by (4.1), (2.6) and (2.5) we have ¢ =1 and
a+by/=T L e(g=1)/T 1.2 4
p(—5—) = TLo@; ") = (p)L, ()T, (). (5.1)
2 P 7
We now complete the proof in the case p = 7n + 4, the other cases being similar.
If mp® =4 (mod 7), write mp® = Tmy +4 so my = (mp®—4)/7. In this case my = pky + {1 with
ki = (mp*~t —1)/Tand [ = (p—4)/7. Set my = 2m; + 1 = (2mp® — 1)/7, so that my = pky + [

with ks = 2ky and I =2[1 +1 = (2p—1)/7. We apply Lemma 2.1 with § = = 0 to get

amps i my
am s—1 B 3k1
" (ky ) (5.2)
_ Dp(=m)Tp(1 = 2my) _ Fp(%)rp % (mod p°Z,).
[,(1 —3my) r,(2 P
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For z = 5/7 we have ' = 3/7 and p, = (3p—>5)/7 = 3n+1 which is even, so that ', (5/7)[,(2/7) =

—1 by (2.3). Therefore

LI (T (2)T(5) (modp',), (53)

and the stated congruence then follows from (5.1).
If mp® =1 (mod 7), write mp® = Tmy + 1 so my = (mp® — 1)/7. In this case my = pky + 14
with &y = (mp*~! —2)/T and [; = (2p—1)/7. Set my = 2my = (2mp® —2)/7, so that my = pkq +1,

with ko = 2ky and Iy = 2[4 = (4p — 2)/7. We again apply Lemma 2.1 with é =& = 0 to get

3
Amps _ (77;?11)
(Lm s—1 o 3k1
? ~(%y) (5.4)
_ _Fp(_ml)rp(_le) = _Fp(%)rp(%) (mod p°Z,).
Fp(_?’ml) Fp(% g

Forz = 3/7 we have 2’ = 6/7 and p,, = (6p—3)/7 = 6n+3 which is odd, so that T',(3/7)T,(4/7) = 1

by (2.3). Therefore we again have

mpe _Fp(l)l“p(g)l“p(g) (mod p®Zy,). (5.5)

amps—l 7 7

If mp® =2 (mod 7), write mp® = Tmy + 2 so my = (mp® — 2)/7. In this case my = pky + 14
with &y = (mp*~! —4)/7 and [; = (4p—2)/7. Set my = 2my = (2mp® —4)/7, so that my = pkq +1,
with ky = 2ky +1 = 2mp*~' —1)/T and I, = 2l; — p = (p — 4)/7. We apply Lemma 2.1 with

d=¢e=0 to get

Umps  _ _(37?11)

Cpps—1 (3k1k;|— 1) (56)
_ Uyp(=mi)Up(=2m1) _ Fp(%)rp(%) s
BT L I WS R )

For 2 = 6/7 we have ' = 5/7 and p, = (5p—6)/7 = 5n+2 which is odd, so that I',(6/7)[',(1/7) = 1

by (2.3). Therefore once again we have

amps 1

= L, E0(2) (modp'Z,). (57)

amps— 1



The proofs for the cases p = Tn 4+ 1 and p = 7n + 2 are entirely similar.

Table I of [15] may be obtained by taking m = s = 1 in this theorem. We observe that the
sequence {ay} constructed in this theorem in fact arises as the sequence of expansion coefficients
of the invariant differential on a formal group law over Z, attached to the p-adic unit part of a
product of Gauss sums, for any odd prime p of the form p = 7Tn + r with r € {1,2,4}.
CoROLLARY 5.2. Let {anx} be the sequence of integers described in Theorem 5.1. Then for any
odd prime p of the form p = Tn + r with r € {1,2,4} the formal power series

oo TN
ANT) = sz:l an— € Q[T]]

is the logarithm of a one-dimensional formal group law over Z,; equivalently, the formal differential

form
= dT
w = Z CZNTJV?
N=1

is the canonical invariant differential on this formal group law.
Proof. By Hazewinkel’s functional equation lemma [10], since a; = 1 the assertion is equivalent to

the existence of H € Z, such that
Umps = H - @pype-1 (mod p°Zy) (5.8)

for all positive integers m and s (cf. [17], A8, A9). For H = (a + by/—T7)/2 the congruences (5.8)
are trivial when m = 0,3,5,6 (mod 7) and follow from Theorem 5.1 when m = 1,2,4 (mod 7),
completing the proof.

The formal group law can be written as F(X,Y) = A~HA(X) + A(Y)) € Q[[X,Y]]; it is a
power series in two variables with rational coefficients whose denominators are not divisible by any

odd prime p of the form p = 7n + r with r € {1,2,4}.
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